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Abstract. We develop a cyclotomic analogue of the theory of associators. Using a trigono- 
metric version of the universal KZ equations, we prove the formality of a morphism f?^ —> 
CZ/NZ,)" XI &n, where f?^ is a braid group of type B. The formality isomorphism depends 
algebraically on a series VI^kZ) the "KZ pseudotwist" . We study the scheme of pseudotwists 
and show that it is a torsor under a group GTM(Af, k), mapping to Drinfeld's group GT(k), 
and whose Lie algebra is isomorphic to its associated graded gvlm{N, k) . We prove that 
Ihara's subgroup GTK of the Grothendieck-Teichmiiller group, defined using distribution 
relations, in fact coincides with it. We show that the subscheme of pseudotwists satisfying 
distribution relations is a subtorsor. We study the corresponding analogue 0ttmO(Af, k) of 
gvtm{N, k); it is a graded Lie algebra with an action of (Z/NZ)^ , and we give a lower bound 
for the character of its space of generators. 



Introduction 

0.1. The purpose of this paper is to develop a cyclotomic analogue of Drinfeld's theory of 
associators. This theory can be described as follows. In [Ko], Kohno proves that the pure braid 
group of order n is formal, i.e., its Malcev Lie algebra is isomorphic to its associated graded 
Lie algebra, which has an explicit presentation; this result relies on the universal Knizhnik- 
Zamolodchikov (KZ) equations, but it can also be proved in the context of minimal model theory 
([Su]). Kohno's isomorphisms involve the periods of P^ — {0, 1, 00} and are therefore defined over 
C. One of the consequences of [Dr2] is that these isomorphisms are defined over Q. To prove 
this, Drinfeld shows that the isomorphisms algebraically depend on a particular element in a 
prounipotent group -F'2(C), the KZ associator $kz- He then defines the scheme of associators 
over a field k with char(k) = as the set of elements of k x F2(k) sharing some properties 
of""^ (27ri, $Kz) and proves that a rational associator exists. The main point of this proof is the 
introduction of a group GT(k), over which the scheme of associators is a torsor. Its definition 
relies on the categorical meaning of associators: associators allow to construct quasitriangular 
quasibialgebras (QTQBA's) and therefore k[[?i]] -linear braided monoidal categories, in which 
the image of the pure braid groups are close to 1; GT(k) may be viewed as the group of 
automorphisms of such structures. This group admits profinite and pro-Z variants GT and GT;, 
where these categories are replaced by braided monoidal categories, in which the image of the 
pure braid groups are finite or /-groups. These variants play a role in arithmetics; GT(k) may 
be viewed as an explicit approximation of the motivic fundamental group of — {0, 1, 00}. 

0.2. In this paper, we use universal versions of the "cyclotomic" KZ system introduced in 
[EE] (see also [GL] for = 2) to prove (Section 1) the formality of the morphism 
(Z/iVZ)" X e„ {n,N > 1; is a braid group of type B). We show (Section 2) that the 
formality isomorphisms algebraically depend on a pair ($kz, 4'kz), where 5'kz is a generating 
series for periods of — /iAr(C). We then introduce a scheme Pseudo(A^, k) of all quadruples 
(a,A, e Z/NZ X k X F2(k) x FAr+i(k) sharing some properties of (-1, 27ri, $kz, *kz); 

these are called pseudotwists. A pseudotwist may be viewed as a universal object allowing to 
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construct quasi-reflection algebras over quasitriangular quasi-bialgebras (Sections 3,4), and the 
elements of the preimage Pseudo(iV,k) of (Z/7VZ)^ x by Pseudo(A^, k) (Z/7VZ) x k 
give rise to formality isomorphisms for i?^ (Z/A^Z)" x S„. To show that a Pseudo(A^, Q) is 
nonempty, we show (Section 7) that Pseudo(iV, k) is a torsor over a group GTM(A^, k), which 
can be defined as the group of automorphisms of braided module categories over k[[fi]]-linear 
braided monoidal categories, in which the image of Kn,N ■= Ker(i?;'j (Z/A^Z)" x 6„) is close 
to 1 (Section 5); this group is defined by imposing the defining conditions of a module version 
GTM of the group GT in products of partially completed groups. The group GTM(iV, k) 
admits a pro-? variant GTM(A^); of automorphisms of braided module categories over braided 
monoidal categories, in which the image of i^„,jv is a i-group. We have natural morphisms 
TTNN' ■■ GTM(iV)j ^ GTM(7V')/ for N'\N (this' is an isomorphism if N' = N/l", where a is 
the Z-adic valuation of A^), and morphisms GTM(Ar); ^ GTM(Af,Qi) and GT ^ GTM(iV); 
(Section 6). The map Gal(Q/Q) GT; studied by Ihara [Ihl] factors through a sequence 
of maps Gal(Q/Q) --^ GT ^ GTM(iV); GT;. One can show that the natural morphism 
Gal(Q/Q) ^ Out(7rf ''((G„ - ijln)/Dn)^^'>) factors through Gal(Q/Q) ^ GTM(iV); (Section 
13). 

We study the group GRTM(Af, k) of GTM(Af, k)-automorphisms of Pseudo(A^, k); it is 
non-canonically isomorphic to GTM(A'', k) and is equipped with a morphism GRTM(A'', k) — > 
(Z/iVZ)^ x k^. The Lie algebra gttm(j_i)(A'', k) of the preimage of (1,1) is graded, with a 
(Z/iVZ)^ -action. 

We then study distribution relations. In Section 8 (which can be read independently), 
we prove that the inclusion GTK C GT ([Ih2]) is in fact an equality. We then construct 
distribution morphisms 6nn' ■ GTM(7V)/ GTM(7V')i> for N'\N. Using ttnn' and 5nn', 
one then constructs a subgroup GTMD(Af)( c GTM(Af);. A consequence of Section 8 is that 
we have a factorization GT — > GTMD(A/'); c GTM(7V);. We also construct a field version 
GTMD(iV,k) c GTM(7V,k). 

We then show that the level N version \E'^2 of *kz satisfies distribution relations. This 
means that as in [Go, Rac], the pseudotwists ^'^z and ^'^z are related by two transformations 
for A^'|A^ related to ttnn' and S^n'', this implies a system of equations satisfied by ^'xz- 
Adjoining these conditions to the defining equations of Pseudo( A^, k) , we obtain a diagram 
\i" <— Psdist (A^, k) ^ Pseudo (A^, k) (here v is the number of distinct prime factors of N). 
We show that Psdist(Ar, k) := Psdist(A^, k) nPseudo(A', k) is a torsor under GTMD(A^, k) C 
GTM(Af,k) and GRTMD(Af,k) c GRTM(Af,k). We denote the Lie algebra of the kernel of 
the composed morphism GRTMD(A/',k) c GRTM(Ar,k) {Z/NIY xk"" by 0rtmt)(i i)(Ar,k). 
This is a Z>o-graded Lie algebra, equipped with an action of (Z/A^Z)^ and a morphism of 
graded Lie algebras grlmO^j ^^(Af, k) 0rti(k). We use Drinfeld's method ([Dr2], Proposition 
6.3) to construct elements of grtmti^j ^^(A'', C); using the nonvanishing of Dirichlet L-functions, 
and the proof of [W] of the theorem of Bass on cyclotomic units, we derive lower bounds for the 
character (as a (Z/A'Z)^ -module) of the space of generators of Q := 0rltn£)(j ^^(A^, C) 

(Section 11). We derive from this the surjectivity of a group morphism GRTMD(A'', k) 
{l/NZY x(k''xk^) and therefore of the map Psdist(Ar, k) ^ (Z/ATZ)^ x(k''xk^) (Section 
10.6). 

Finally, we relate the Lie algebras 0rtm(j i)(Af, k) and 5rtm()(j i)(A^, k) with a generalization 
of Ihara's algebra, defined using special derivations (Section 12). 

0.3. This paper is related to the following works: 

(a) in [Rac], Racinct introduces a torsor DMRD(A^, k) over a prounipotent Lie group, based 
on the shuffie and distribution relations satisfied by special values of multiple polylogarithms 
(which coincide with the periods involved in ^'kz, see Appendix A). He conjectures that for 
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= 1, there is a morphism of torsors DMRD(l,k) Assoc(k) taking the analogue of <I>kz 
in DMRD(1,C) to <&kz, and that this is an isomorphism. A natural generalization of this 
conjecture would be to expect a morphism of torsors DMRD(A'', k) Psdist fA^, k) when 
TV ^ 1. 

(b) in [DG], Section 5, Dcligne and Goncharov studied the motivic fimdamental group of 
— /Uat, of which GTMD(W, k) should be an explicit approximation. The element 

appears in [DG], Proposition 5.17 and "motivic" conditions satisfied by \1/kz are given in Section 
5.19. The lower bound found in Section 11 for the character of the space of generators of 
grtmOfj C) seems related to the upper bound of [DC], Cor. 5.25 for the dimension of the 
Q-linear span of the coefficients of ^'kz of fixed degree. 

(c) in [Ihl], Ihara studies the kernel of Gal(Q/Q(/^;oo)) GTf, this leads to a graded Lie 
algebra over Zj, in which he constructed analogues of the Drinfeld generators (using Soule's 
cyclotomic characters) and conjectural integral versions of these generators. These constructions 
should generalize to the morphism Gal(Q/Q(/xjv;=°)) ^ GTMD(iV)i. 

(d) using twists of QRA's over QTQBA's, one can hope for a generalization of the Kohno- 
Drinfeld theorem to representations of arising from specialized versions of the cyclotomic 
KZ equations. This study was started in [GL] for N = 2. 

Acknowledgements. This project was started in collaboration with P. Etingof in September 
2003. I wish to thank him heartily for collaboration in [EE] and for many discussions at several 
stages of this work. I also would like to thank D. Calaque, F. Lecomte, V. Leksin, I. Marin and 
V. Toledano Laredo for comments. 

1. The FORMALITY OF B}^ (Z/iVZ)" xi e„ 

We fix a base field k of characteristic 0. If F is a finitely generated group, we denote by 
r(k) the corresponding Malcev pro-unipotent group and by Lie(r(k)) the Lie algebra of r(k); 
if k/Q is a finite field extension, then Lie(r(k)) = Lie(r(Q)) k. 

1.1. Partial prounipotent completions. Let (p : T ^ Tq he a surjective group morphism. 
Assume that Fi := Ker<^ is finitely generated. Then one can construct a non-connected pro- 
algebraic group r((^, k), fitting in an exact sequence 1 — > ri(k) — > r((p, k) ^ Fq — > 1, and a 
group morphism F ^ F((/j, k), such that the diagram 

1^ Fi ^ F ^ Fo ^1 

i i II 

1^ Fi(k) ^ F((p,k) ^ Fo ^1 

commutes, and with the following properties. 

F ^ F(^,k) 

The commuting triangle \ ^ is an initial object in the category where objects are 

To 

similar commuting triangles, where T{ip, k) is replaced by a non-connected prounipotent group 
U, and morphisms are morphisms U ^ U', such that the resulting tetrahedron commutes. The 
group T{ip, k) is then called the partial prounipotent completion of F Fq. A commuting 

r ^ To r(^,k) ^ Fo 

square i i gives rise to a commuting square J, J, . 

F' ^ r'(<p',k) ^ F^, 

1.2. Formality of a group morphism. Recall that the finitely generated group F is called 

formal iff there exists a Lie algebra isomorphism Lie(r(k)) grLie(r(k)), whose associated 
graded morphism is the identity (here gr(0) is the graded Lie algebra associated to a pronilpotent 
Lie algebra q and gr(fl) is the degree completion of gr(0)). 
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In the above situation, the choice of a section 70 ^ 70 of r(k) Tq induces a map To 
Aut(Lie(ri(k))), 70 ^ 9jg, where ^-^0(2;) = 'jo^'lo ; the map 70 1-^ 9jg may fail to be a group 
morphism (by inner automorphisms). Each induces a graded Lie algebra automorphism 
grOjg G Aut(grLie(ri(k))), which is independent of the choice of the lifting 70 ^ 70, and 70 n- 
grdjo is a group morphism. Wc can then form the semidirect product exp(gTLieri(k)) x Tq. 

We say that the group morphism : F ^ Fq is formal if there exists a group isomorphism 
r(k, (/j) ~ exp(grLieFi(k)) x Fq, restricting to a formality isomorphism for Fi, and such that 
the diagram 

1^ Fi(k) ^ F(k,<^) ^ Fo ^1 

l\ l\ II 

1^ exp(grLieFi(k)) ^ exp(grLieFi(k)) x Fq ^ Fq 1 

commutes. 

For example, the morphism i?„ — > 6„ is formal, where i?„ is the braid group of order n 
(when k = C, this follows from [Ko], and for k = Q, from [Dr2]). 

1.3. The morphism tp^^N ■ (Z/A^Z)" xi S'„. Let := Bn+i X6„+i &n, where 
&n C &n+i is the subgroup of permutations of [0,7V] such that a{0) = 0. We have = 
7ri(X„,e„6), where := [(C>^)" - Ui<i<j<„Ai]/e„, = {(Zi, = Zj] and 
b:={iZi,...,Zn)\0<Zi<...<Zn}. 

^etWn,N ■■= (C^)"-Ui<j<j<„U^g^„(c)Aj,C' wtiere Aj,c = {{^i, Zn)\zi = (zj}. Then the 
map Wn,N — >■ Xn induced by (zi, z„) [{zi , z^ )] is a covering with group (Z/7VZ)" x S„; 
it induces a group morphism (pn,N ■ B]^ — > (Z/A/'Z)" x 6„. We have then Kn,N ■= Kery>„,jv — 

We now introduce the universal "cyclotomic" KZ system and use it to prove the formality 

of iPn,N- 

1.4. The universal cyclotomic KZ system. Let t„ jv(k) (or t„_Ar) be the k-Lie algebra 
with generators <q*, {i € [1, n]), and t{ay^ , {i ^ j ^ [1, n], a G Z/A^Z), and relations: 

6ez/ivz 

{i,j,k,l G [1,?^] are all distinct and a,b € Z/A'Z). The group {li/Nli)" x 6„ acts on tn,N 
as follows: let Si = (0, 1, 0) be the ith generator of (Z/AZ)", then Sj • ^q-' = t'o' and 
Si ■ f(a)^'= = t{a + Sij - 6iky''; for a G 6„, a • tg* = ^o"^'', a ■ t{aY^ = t{ay^''>''^^l 

When k = C, we define t[CY^ for C e /Ltiv(C) by i[CXr]'^' = t{aY^ , where Cat := e^'^'/^ G Atjv(C). 

Set 

' ie[l,n]-{i} ' ^ 

then the connection 

n 

d-E^i(-^l' ■■■,Zn)dZi 

1=1 

on the trivial exp(t„,Ar(C))-bundle'^ over Wn,N is flat. This connection is also equivariant 
w.r.t. the action of Fq := (Z/A^Z)" x S„, therefore its descends to a flat connection on the 
exp(t„^jv(C)) X Fo-bundle over Xj^, such that the set of sections of U C is the set of 

denotes the degree completion of a N-graded Lie algebra; here deg(tQ*) = deg(t(o)'^) = 1. 
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functions / : Tr~^{U) exp(t„^jv(C)) x Fq, such that /(70 • x) = f{x)'yQ^ for 70 € Fq (here 
'■ Wn^N Xn IS the Canonical projection). 

1.5. Monodromy morphisms. There exists a unique solution F : Xm exp(t„^jv(C)) of 

(Oi (01,2 jO...Ti-l,n 

the system dF/dzi = KiF, with asymptotic behavior F{zi, -.jZn) — z-^" z^ ■■■Zn when 
zi < Z2-.- <C Zn, here ip"''""^''' = tg' + J2lli Z!c6mn(C) *[C]""- Here Xn —>■ is the universal 
cover map. 

If now 7 € B]^, the map z ^ F{z)~^ipn,N{l)F{-y~^z) G exp(t„,Ar(C)) x Fq is a constant, 
called Hn{l)- This defines a group morphism 

fin-B^^ exp(t„,jv(C)) X Fo, 

which factors through a morphism Bl^{ipn,N t'C) exp(t„_jv(C)) x Fq. This morphism com- 
mutes with the projections to Fq, and therefore restricts to a morphism /i„(C) : i^„,jv(C) — > 

CXp(l„^Ar(C)). 

1.6. Formality of 'fn,N- To prove that ipn,N is formal, it then suffices to prove that Lie /(Xn(C) : 
Lie(iif„,jv(C)) — > t„,jv(C) is an isomorphism. 

Kn.N may be be viewed as the kernel of the morphism Pn+i (Z/A^Z)" given by Xij 
if i,j ^ 0, xoi ^ Si = (0...1...0) if i ^ (here the Xij, < i < j < n are the Artin generators of 
the pure braid group Pn+i)- Set Xoi := XqJ, Xij{a) := XQ^XijXQ^ for a G Z. 

One can show that the Xoi and (a) (i j E [l,n], a <= [0,N —1]) are generators of Kn,N- 
We have: (a) Lie/z„(C) takes [logXoi] and [loga;y(a)] to multiples to and t(a)*-' (here 
XQi,Xij{a) are identified with their images in ii'„,]v(C), [a;] is the class of x e Lie(iir„,]v(C)) 
in grj^ Lie(_ft'„.Ar(C))) and a 1— > a is the canonical projection Z/ Z/A^Z; (b) one can exhibit 
relations between these generators, whose logarithms have degree > 2, and whose degree 2 parts 
coincide with the defining relations of t„,Ar(C). These relations are explicitly given as follows 
(recall that Xij{a + N) = XoiXij{a)XQ^ , so [loga;ij(a)] depends only on a): 

Proposition 1.1. 

{XojXij{0)...Xij{N - l)Xoi,Xoj) = {XojXij{0)...Xij{N - l)Xoi,Xij{a)) = 1, 

{xij{a)xik{a + P\a)uik{a, 0)xjk{0\O)uik{a, (Sy^ , Xij{a)) (1) 
= {xij{a)xik{a + p\a)uik{a,0)xjk{P\O)uik{a,f3)~^,Xik{a + (}\a)) = 1, 

{xij{a),Uik{a, -P)xki{f3)uik{a, -PT^) = iuij{a + 1, -py^Xii{a)uij{a + 1, -l3),Xjkil3)) 

(2) 

= {Ad[uij{a + l,-0-l)-'][xik{a)],Ad[uij{a,-P-l)-'uij{a,-mxjim) = 1, 
{uij{N, -a)~'^Xoi,Xjk{a)) = {uik{a, -N)Xok,Xij{a)) = {uij{a + 1, -N)Xoj,Xik{a)) = 1 

(3) 

where i < j < k < I, a, jS £ Z,, Xik{a + l3\a) := Ad[xik(Q)xik (a: + l)...Xik{a + f3 — l)]{xik{a + /?)) 
and Uik{a,P) = Xik{a)...Xik{a + /? - l)xik{l3 - iy^...Xik{Oy^; when /? < 0, Xik{a)xik{a + 
l)...Xik{a + 13 - 1) means Xik{a - l)~'^Xik{a - 2)~'^ ...Xik{a + /3)~^ (this is 1 if p = 0). 

Proof. These relations are consequences of the pure braid group 

ixijXikXjk,Xjk) = 1 for i < j < k, {xij,Xki) = ixu,Xjk) = {xik,x~^XjiXij) = 1 ioi i < j < k < I 
([Art]); for example, (1) is the conjugation of {xijXikXjk,Xi-j) = {xijXikXjk,Xik) = 1 by x^^x^^ , 
using the relations Ad{xQ^x Q^){xik) = Xtk{oi+(3\0) and {xq^,x^^) = Uik{a, b); (2) is the conjuga- 
tion of {xtj,Xjk) = 1 by x^iX^j, of {xii,Xjk) = 1 by x'^^x^^ and of {xik,Xji{-l)) = 1 by x'^^x^^; 
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for example, in this last case, weha,ve Ad[xQ^^ XQ^][xik] = Ad^x^J^^ ,XQ^^)x'f^^^XQ^^][xik{—l)] = 
AdK,(a+l,-/3-l)-i][,x,fe(a)] andAd[x^+ix^J[x,,(-l)]=Ad[(a;(J+\a:^J(x^,,4)x(?^.a;gJ[x,,] = 
Ad[uy (a, -/3 - iy^Uij{a, -P)][xji{P)]; (3) is the conjugation of {x^i,Xjk) = 1 by x^j, of 
{x^k^Xij) = 1 by x^i, and of {x^^,Xik{-l)) = 1 by x^^^. □ 

It then follows from (b) that we have a morphism q:„ : in,N{C) grLie(i4r„_Ar(C)) given 
by i^ogXQi], t{ay^ [logXij(a)] (a is the lift of a to [0,N — 1]). This morphism is 

surjective, since grLie(-R'„^Ar(C)) is generated in degree 1, as the associated graded Lie algebra 
of the quotient of a free Lie algebra (recall that LieX„^jv(C) is the quotient of the topologically 
free Lie algebra generated by the logXoi, log Xij (a) by the logarithm of their relations). It 
follows from (a) that gr/Xn(C) : grLie(iC„,Ar(C)) tn,Ar(C) is surjective, and one checks that 
gr/i„(C) o an is bijective. So a„ is injective, hence an isomorphism, hence so it gr/x„(C). So 
/i„(C) is an isomorphism, as wanted. 

2. Algebraic construction of formality isomorphisms 
2.1. Insertion-coproduct morphisms and structure of the tn,N- 

2.1.1. Let t„(k) (or in) be the k-Lie algebra of infinitesimal pure braids introduced in [Dr2]; 
it has generators f'^ , i 1^ j & [l,n], and relations i*^' = P\ [t'^,t''' + P''] = and = 
for k, I distinct. 

Let / : [0, m] — » [0, n] be a partially defined function such that /(O) = 0, then there is a 
unique Lie algebra morphism tn,N — > im,N, x x^ , such that 

{t{ary= Yl (i7^ie[l,n]) 

i'ef--'{i),j'ef-Hj) 

{t'jy= E to''+ E E tiby''"+ E E ^(bf'' ovo)- 

j'ef-H]) 3'.j"ef~Hj).j'<j" bez/NZ t'ef-Ho)\{a}.ref-H]) hei./NZ 

Let / : [l,m] [^,n] be a partially defined function. There is a unique Lie algebra morphism 
Ui — > Un,N, X ^ x^ , such that 

i'e/-Mi).j'e/-Hj) 

We denote a;-'' as a;-'' ^W'---'^ ^(") [x^ ^(i).---,/ ^(") in the second case). 

We also denote by x i-^ x-'' the induced morphisms U{inM) ^ t^(tm,Af), U{ln) U{im.N)- 
We denote by T„_Ar the semidirect product U{in^M) x (Z/iVZ)" and by Si £ Tn^N the image 

of the ith generator of (Z/ATZ)". 

If / : [0, m] [0, n] is a partially defined fimction with /(O) = 0, then the algebra 

morphism U{in,N) U(im,N), x ^ x^ extends to an algebra morphism T^^n Tm,N by 

Si '->■ nj'e/-i(i) Si'- 

2.1.2. Let us describe the structure of t„,jv- Let ^n,N C ln,N be its Lie subalgebra generated 
by ig" and the t(a)*" [i € — 1], a S Z/A^Z). These generators freely generate fn,Ar, which 
is an ideal of in,N- The map x i— > a;0.- -."-i ig an injection t„_i,]v ^ in,N- This map induces an 
action of t„_i,7v by derivations on fn,N, and tn,N is the corresponding semidirect product. 

When n = 2, t2.Ar can be described more simply as the direct sum of its center, generated 
by + + SaGZ/ATZ ^('^)^^' '^ith the free Lie algebra jy generated by t^^ and the t(a)^^ 
(a € Z/NZ). We will use the following notation for generators of ^: A := t^^, b{a) := t(a)^^, 
C := the image t^^ by the projection t2,Ar — > t2 so j4 + C + X^aez/Afz ^('*) — ^- 
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In general, the element J2o<i<]<n^Q central in t„^Ar, where t"^ :— X^aez/wz ^(")*^ 
j > i > 1. If t° jv is Lie algebra with the same generators (except t"") and relations as in,N 
(except those involving tg"), then t°^^ t„,Ar and in,N = in,N ® k(Eo<»<i<n )• 

2.2. Definition and properties of ^'kz- We define ^kz as the renormalized holonomy from 
to 1 of the differential equation 

Im^^^i^. E (4) 

Ce("iv(C) 

i.e., = H~}Hq+, where Hq+,Hi- are the solutions such that Hq+{z) ~ 2;*" when 2; — > 0+ 
and Hi-{z) ^ when z 1^. Then ^Pkz belongs to exp(t2 ^(C)). 

Recall that $kz G cxp(t3(C)) is the renormalized holonomy from to 1 of G'{z) = (^ + 
j^)G{z), i.e., $KZ = Gq+^Gi-, where Gq+,Gi- are the solutions such that Go+{z) ~ 2*^^ 
when 2; — > 0+ and Gi- (2;) ~ (1 — z)*^^ when 2^1". Recall that 

$Kz(V,f/) = $Kz(C/,y)-\ e'^'^$Kz(W,f/)e'^'^$Kz(V,W^)e^^^$Kz(?7,y) = 1, 
where U = t^€i'i:= is/it^^ + 1^^ + 1^^), V = W et^^ a.ndU + V + W = 0, and 

$12,3,4^1,2,34 ^ ^2,3,4^1,23,4^1,2,3 
^KZ ^KZ ^KZ ^KZ ^KZ 

(relation in exp(t4(C))). 

Proposition 2.1. T/ie pair ($kz, ^kz) satisfies the mixed pentagon relation 

^12,3,4^1,2,34 _ ^2,3,4^1,23,4^1,2,3 
*KZ *KZ — ^KZ *KZ *KZ • 

in exp(t3 jy(C)) and the octogon relation 

*Kz(A|6(0), 6(1), ...)-ie-''W*Kz(G|6(0), b{-l), ...)e(2-/^)^ 
*Kz(G|6(l), KO), 6(-l), ...)-^e'^'^«*Kz(A|6(l), 6(2), ...)e(2-/iv)A ^ ^ 

mexp(tOjv(C)). 

Proof. The first equation follows as in [EE] from the the flatness of the system 

dw ^ w ^ w — Cz ^ w — C 

Let us prove the second equation. Let us denote by D the domain of C of all complex numbers 
z, such that < arg(z) < 2tt/N, and zj^O,l, e^'^'/^. We set Cn = e^'^'/^. 

Recall that (4) may be rewritten H'{z) = (^ + X^ogz/atz z-'c" There are unique 

solutions Hq+, Hi-, Hi+, H^o, -ffcwoo) ^(nO+ of (4) in D, with the following 

asymptotic behaviors: Hq+{z) ~ z^ when z 0+, Hi-{z) ~ (1 — z)^*^"^ when z 1~, 
i?i+(z) ~ (z - l)''(o) when z 1+, H^{z) ~ 2"^ when z +00 on the real axis, Hq^^[z) ~ 

(z/(n)~'^ when z/C ^ +00 on the real axis, Hf+{z) ~ (-^ l)''(i) when 2 — »• ^JV in such 

a way that z/Cat > 1, H^-{z) ~ (1 — -^^'^^^ when 2; ^ Cjv in such a way that z/C,n < 1, 
H^^Q+ (z) ~ [z/Qn)'^ as 2 — »■ in such a way that z/C,n > 0. 

We have: 

V2 e]0,l[, Ho+{z) = Ho{z), H^-{z) = H,{z), 
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Vze]l,+oo[, H^^{z) = Hiil/zy^'^-^^, Hoo{z)^Ho{l/zy^^-^^, 

V0 e]CN,CN^l H^.^iz) = Ad(si)(ifo(Cjv/^)'^'''), H^+iz) - Ad(,si)(i/i(Cjv/^)'''''), 

Vz e]0,Cw[, = Ad(,si)(i/i(z/Cw)), i^CvO+(2) = Ad(si)(i/o(z/Cjv)). 

where a; x^'^'^ and Ad(si) are the automorphisms of given by {A, C, 6(a)) h-> (C, A, b{—a)) 
and (7, 6(0), 6(1), ...) ^ (A, C, 6(1), 6(2), ...)• 

It follows that H,- = Ho+^^l = H^+^]f/ , = i^Civoo Ad(si)((*K^)i'3.2), H^^o+ = 

if,- Ad(.si)(*Kz). 

Moreover, local study at the points 0, l,oo,Civ implies that Hi+ = Hi-e^^^^^\ ^Cnoo = 
Therefore 

Ho+ = Ho+ ■ *Kze"'''^°^*J^z''e^'"'/'^''^ Ad(si)((*K^)i'3'2)e'^'^(i) Ad(si)(*Kz)e(2-/^)^ = 1. 

Since Hq+ is invertible, this implies that the right factor of Hq+ in this expression in 1, i.e., the 

second relation. □ 

Moreover, the formality isomorphism of Section 1 may be expressed algebraically in terms of 
($KZ, ^'kz) as follows. The group has the following presentation: generators arer, cti, cr„_i 
and relations are 

aiaj = ajai {\i - j\ > 2), aiai+iai = ai+iatai+i {i G [l,n - 1]), (5) 

T(Ji = GiT {i e[2,n]), (tcti)^ = (cTir)^. 

The inclusion C B^+i is then induced by ai o-j, r i-^ CTq (the generators of B^+i are 
called fJo, ...,cr„_i). 

The monodromy of the solution _F(zi, z„) at order n can be related to to that of the 
solution at order 2. It follows that the monodromy morphism /x„ : — > exp(t„,jv(C)) xi 
(Z/ATZ)" XI 6„ is given by 

r ^ e(2-/^)*o%-i, ^ (vl>-i)0---i.M+i(,^,+ i)e-t(o)-+^^o^^-i.M+i 
for 1 = 1, ...,n— 1. 

2.3. The schemes Pseudo(A'^, k) c Pseudo(A^, k) and formality isomorphisms. Let k 

be a ring over Q. Recall that Assoc (k) is defined as the set of pairs (A, $), where A € k and 

$ G exp(t^(k)) satisfies 

*(y, U) ^ $([/, V)-\ e^^/2$(I^, U)e^^/H{V, W)e^^^H{U, V) = 1 (6) 
where U, V generate a free Lie algebra and U + V + W — 0, and 

^1,2,34^12,3,4 ^ ^2,3,4^1,23,4^1,2,3 

We then define the set of cyclotomic associators Pseudo (A^, k) as the set of quadruples 
(a,A,$,*) G {Z/NZ X k) X exp(tg(k)) x exp(t^ ^^(k)), such that (A,$) G Assoc(k) and * 

satisfies 

*(A|6(a), b{a + 1), . . . ,b{a + N - l))-^e^^/^^^''''^<b{C\b{a), b{a - 1), . . . , 6(a + 1 - N))e^^/^^^ 

(8) 

*(C7|6(0), 6(-l), . . . , 6(1 - Af))-ie(^/2)^(°)*(yl|6(0), 6(1), . . . , 6(^ - l))e^^/^^^ = 1, 

^1,2,34^12,3,4 ^ ^2,3,4^1,23,4^1,2,3^ (g^ 

We also set Assoc(k) := {(A, $) G Assoc(k)|A G k^ }, and Pseudo(A^, k) := {(a. A, *) G 
Pseudo(Ar,k)|(a,A) G (Z/ArZ)>^ xk>^}. If(a,A) G (Z/ATZ) x k. we also set PseudO („ ,^(N, k) := 
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{ ($, *) I (a, A, $, *) e Pseudo(Af, k)} (we write Pseudo(a^;^) {N, k) instead of PseudO („ ^) {N, k) 
if (a, A) e (Z/7VZ)>< x k>^). 

Then $kz e Assoc2^i(C), and ($kz,*kz) e Pseudo(_i_2„i)(iV,C). 

Proposition 2.2. There is a unique map 

Pseudo fAT. k) ^ Mor(B^,exp(t„,Ar(k)) xi (Z/7VZ)" xi 6„), 
taking {a, A, ^) to the morphism 

r ^ e^W^o's-, cji ^ (^-i)0...i-i,i,i+i(j^^ + i)e(A/2)t(0)-+i^a^i-i,i,i+i 

for i — l,...,n — 1. When (a, A) G (Z/A^Z)^ x k^. i/iis morphism induces an isomorphism 
i?^(k, (/?jv) — > exp(t„,Ar(k)) X (Z/NIi)" x 6„, hence we get a map 

Pseudo(Ar,k) ^ Iso(B,^,((^Ar, k), cxp(t„,Ar(k)) x (Z/A^Z)" x 6„). 

Proof. The proof of the fact that the above formulas define a group morphism follows the 
construction of representations of in Section 4. One studies the image of the generators Xoi, 
Xij{a) to prove that we get an isomorphism when (a, A) G (Z/NZ)^ x k^ . □ 

We will see later that Pseudo(A^, k) is a torsor; one can prove that the above map is a 
morphism of torsors. To prove that a formality isomorphism iJ^((^jv,Q) ~ exp(t„^Ar(Q)) x 
(Z/NZ)"' X &n defined over Q exists, we will show that Pseudo(a,A) (-^, Q) ^ for any (a, A) e 
(Z/NZ) ^ X k^ , which will be based on the action of a group GTM(7V, k). The two next sections 
serve as a motivation for the definition of GTM(iV, k), which is the group of automorphisms of 
certain braided module categories. 

3. PSEUDOTWISTS OVER QUASIBIALGEBRAS AND MODULE CATEGORIES 

In this section, we recall the notion of a pseudotwist over a quasi-bialgebra^ and relate it to 
the notion of module category over a monoidal category. 

3.1. Pseudotwists. Let {A, Aa, ^a) be a quasibialgebra (QBA). Recall that this means that 
A is an algebra, : A — » A®^ is a morphism, ^a G is invertible, and 

Va G A, {idA ®A^)(AA(a)) = ^a{Aa ® idA)(A^(a))$^i (10) 

^1,2,34^12,3,4 ^ ^^3,4^1,23,4^1,2,3 (jj) 

The counit ea is also required to satisfy (e^ ® id^ ) o A^ = (id^ ®sa)oAa = id^, £^($a) = 1®^ 
if i = 1,2,3 (here = (g) id®^, etc.; see [Drl]). 

Definition 3.1. A pseudotwist over A is a triple (B,Ab,^'b) of an algebra B, an algebra 
morphism As : B ^ B ® A and an invertible ^'b & B ® A®^, such that (ids ®sa) ° Ab = ids 
and 

V6 e B, (ids 0Aa)(Ab(6)) = *s(Ab iAA){AB{b))^-J- , (12) 

^M,34^^2,3,4 ^ ^^3,4^^23,4^^2,3 (^3^ 

Here ^^''^'^ = (As idf )(«'s), = (ids <S)Aa <S) idA)(*s), etc. 

So the notion of pseudotwist is the "quasi" version of that of comodule-algebra over a bial- 
gebra A (which corresponds to = 1, = !)• 



All (co)algebras are understood to be with (co)unit. We use the standard notation for multiple coproducts 
in coalgebras, so a;^^'^* = (A (g) A)(a;), etc. If A is an algebra, we denote by the group of invertible elements 
of A. 
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Remark 3.2. Similarly to [EN], Propositions 2.4 and 2.6, one proves that if _£? C ^ is a subal- 
gebra such that Aa{B) C B A, there is a bijection between the following sets: (a) invertible 
elements \1/b G BC^A^"^, satisfying (12) and (13), where As ■= {Aa)\b', and (b) invertible ele- 
ments T e such that V6 e B, TAa(&) = Aa(&)T, and T * $a := {T^'^^)-^<^aT^^'^T^'^ e 
B ® A'^^. This bijection takes l-s to T := {ea 'S> id5^)(*B), and its inverse takes T to T * $a- 

3.2. Module categories over monoidal categories. Let {C,(E),^c,^,l,i") be a monoidal 
category. Recall that this means that C is k-linear, $5 : ^ C is a bifunctor, $c is a functorial 

and additive assignment'' ^x,y.z € Isoc(X {Y CS) Z) , {X (g) Y) Z) , satisfying the pentagon 
identity, 1 G Ob(C) and ?,r are additive and functorial isomorphisms Ix & lsoc(l 
rx G Isoc(-^ (g) 1,X), compatible with $c. 

Let {Ai,®,^M,l') be a right module category over C ([O, CF]). This means that is 
k-linear, (8):A1xC^Alisa bifunctor, "^/m is a functorial and additive assignment 'i>M,x,Y G 
Isox(M (g) (X (g) F), (M (g) X) F) for M G Ob(M), X, F G Ob(C), and r' is a functorial and 
additive assignment r'j^j G Isom{M (g) 1, M), such that 5'M®x,y,z o ^'Af,x,y«)Z = {'^m,x,y (g 
idz) o 5'M,x®y,z o (idM (mixed pentagon), and (rM®x ® idi) o *M,xa = idM 

(r^ ® idx) o *M,i,x = idM <»lx- 

If {B, Ab,'^ b) is a pseudotwist over the QBA {A, Aa,^a), then := Rep(S) is a right 
module category over C := Rep(yl). 

3.3. A coherence theorem for module categories. Let us define the groupoid Pa„ of 
parenthesizations of n letters as follows (here n > 1). We set Ob(Pa„) := {parenthesizations 
of the word xi...x„}. Let us define the morphisms of Pa„. If w' ,w" ,w"' arc parenthesizations 
of Xa---Xb, Xb^i...Xc and Xc+i---Xd, if wq contains w'{w"w"') and wi is obtained from wq by 
the replacement w'{w"w"') — > {w'w")w" , then there is an invertible morphism a{w' ,w" ,w"') G 
Pa„(wo,Wi); then Pa„ is the free groupoid generated by these morphisms and their inverses. 

Let C be a monoidal category. To Xi, ...,X„ e Ob(C), we attach a representation of Pa„; 
the space corresponding to w G Ob(Pa„) is ®i<i<n-^i (meaning that the order in which tensor 
products are taken follows w). The image of a{w' ,w" ,w"') is id... <^^x',X",X"' ® id..., where 
X' := ^f<i<aXi, X" := ^^li<i<bXi, X'" := ®^+i<i<„X,. Then McLane's theorem says that 
this representation is trivial (i.e., its restriction to each Pa„(w,'u;) is trivial). 

Let now be a module category over C. To M G Ob(A^) and Xi,...,Xn G Ob(C), we 
attach a representation of Pa„+i as above (the are replaced by \E'... when X' contains M). 
One can check following the proof of McLane's theorem that this representation is trivial. 

4. QUASI-REFLECTION ALGEBRAS AND BRAIDED MODULE CATEGORIES 

In this section, we introduce the notion of quasi-reflection algebras (QRA's) over a qua- 
sitriangular quasi-bialgcbra (QTQBA). The corresponding notion is that of braided module 
category over a monoidal category. We show that such objects give rise to representations of 
Bl 

4.1. QRA's over QTQBA's. Let {A,Aa,R,'^a,£a) be a quasitriangular quasibialgebra. 
This means that A is an algebra, A^ : A A®'^ is a morphism, R G A®^ and $a G A^^ are 

invertible, and 

Va G A, A^^(a) = RAA{a)R-\ (idA <S)Aa) o AA(a) = $a(Aa ® idA) o AA(a)$;^^ 

^1^,2,34^12,3,4 ^ ^2,3,4^1^,23,4^1,2,3 
^12,3 ^ ^^1,2^1,3(^1,3,2)-1^2,3^^^ ^1,23 ^ ($^3,1^-1^1,3^2,1,3^1,2^-1^ 



^If C is a category, we denote by C{X, Y) the set of morphisms from X to Y, by Isoc(^, Y) C C{X, Y) the 
subset of isomorphisms and by Autc(-X') = Isoc(^, X) the set of automorphisms of X. 
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These conditions are the pentagon and the two hexagon equations. The counit sa satisfies 
{ea (8) id^) o = (id^ (giEA) oAa = idA, e\{R) = 1 for z = 1, 2, = 1®^ if « = 1, 2, 3. 

Definition 4.1. A quasi-reflection algebra (QRA) over A is a quadruple {B,Ab,E,'^b), where 
{B, Ab,'^b) is a pseudotwist over A, and E satisfies 

(Ab ® idA)(^) = (14) 

We will call the relations (13) and (14) the mixed pentagon and octogon relations. 
When $A = 1, A is a quasitriangular bialgebra, and when — 1, we say that i? is a 
reflection algebra (RA) over A. 

Remark 4.2. If ^ is a QTQBA and B C ^ be a subalgebra such that A^(i3) d B ® A, and 
set As := (A^)|B. One can show that there is a bijection between the following sets: (a) pairs 
(£;, *b), where E ^ B® A and *b e S (g) A®"^ are invertible, s.t. {B,/\b, E,^b) is a QRA 
over A; (b) pairs (S, T), where E e A and T e A®^ are invertible, such that V6 gB, T,b = 6E, 
TA^(6) = Aa(6)T, (Ti'23)-i$^xi2.3Yi,2 g B^A®^ and T-^R^'^T^'^J:^{T^'^)-^RT e B^A. 
This bijection takes (£;,*b) to (!;(£;), T(*b)), where Y.{E) := (e^ ® id^)(£;) and T(*b) := 
(ea «> id|^)(«'B). The inverse bijection takes (S, T) to {E(T., T), *(T)), where 

E{T.,T) := T-iii2.iT2'i5]2(T2'i)-ii?T, 4'(T) := {T^-'^'^)-^^aT^'^'^'T^''^ . 

When ^A = 1, this restricts to a bijection between the sets of pairs {E,^b) and (S,T) as 
above, where ^'b = 1 and T = 1. 

Remetrk 4.3. If S is a RA over the QTBA A, then {E, R) satisfy the reflection equation 

£;l,2^3,2£;l,3^2,3 ^ ^3,2^1,3^2,3£;1,2^ j^^^g^ 

In particular, if (p, y) is a B-module, then iiT := (p (g) id)(£') satisfies the reflection equation 
R'^^'^K'^R^^'^K^ = i^ii?2-iiir2i?i'2 Reflection equation algebras (REA) are deflned using this 
equation ([FRT]), R being fixed; REA's yield representations of S^. Applications of REA's 
include the topology of handlebodies ([KS]) and scattering theory with reflection ([Ch]). The 
analogy between both situations is that winding around the flrst flxed strand is analogous to 
the reflection of a particle on a wall. In [DKM], universal versions of REA's were studied; they 
rely on the datum of a "semiuniversal" object K G End(y) (g) B, where V is a A-module, A is 
a Hopf algebra and B is an algebra. The data of a RA B over a QTBA A and a A-module V 
yield such a K. 

Example 4.4. If wc set B := A, E := R'^'^R, *b := ^A, then {B,E,^b) is a QRA over A. 
It corresponds toS = l,T = l'^2_ 

Example 4.5. Let be a Lie algebra, let F be a group acting on g by automorphisms. Set 
A := U{q) XI r. Deflne A^ : A A'®'^ as the unique algebra morphism such that Aa{x) = 
X (8> 1 + 1 (8> X for X e £1, Aa(7) = 7 7 for 7 e T. Set R := l'^^, then (A, Aa, R) is a QTBA. 
Fix cr G r and a Lie subalgebra [ C g". Set B := U{1), E := li^a. Then {B, E) is a RA over 
A. We will later introduce a deformation of this example, where F = Tj/NI,. 

4.2. Twists. Let {A, Aa,R, ^a) be a QTQBA. To an invertible F G A'®'^, one associates the 
twisted QTQBA ^A := {A,^ A,^ R,^^a), where 

^AA{a) = FAA{a)F-\ ^R = F^^^RF-\ ^^a = F^'^F'-^^^a{F^'^F^^'^)-\ 

If now {B, E, 'i's) is a QRA over A and G G B ® A is invertible, set 

^Ab(6) = GAB{b)G-\ GEG-\ ^'^*b ^^^^(idB (^Aa^G)-^ B{G^'\AB(E)idA){G))-\ 

Then (B,GAb,^.E,-P''G*b) is a QRA over {A,'^ Aa,^ R,^<i>A); we call it the twist of B by 
{F,G). 
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4.3. Braided module categories over braided monoidal categories. Let C be a braided 
monoidal category. This means that C is a monoidal category, equipped with a braiding Px,y G 
IsociX (g)Y,Y (g)X) (where X,Y e Ob(C)), /3x®y,z = {l3x,z O idr) o {idx ®I3y,z), ^x,y^z = 
(idy ®fix,z) o {l3x,Y ® idz), I3x,x = (ix,i = idjc (we omitted the associativity constraints). 

We define a braided module category over C to be a module category M over C, equipped 
with an additive and functorial £m,x € Autx(M ^ X), such that 

sm^x,y = *M^x,F ° (idM <Si(3y,x) o *M,y,x o {sm,x <E) idy) o *mV,x ° (^'^^ '^Px,y) o *M,x,y- 

Then if A is a QTQBA and B is a QRA over A, then A4 := Rep(i?) is a braided module category 
over C :— Rep(yl); the braided monoidal structure on C is f3x.Y ■= ^x,y ° {px ® py){R) and 
^x,Y,z ■■= {px®Py®Pz){^a) for {X,px), ... e Ob(Rep(A)) (here ax,Y G B.omi,{X®Y,Y®X) 
is the exchange operator) and the braided module structure on M. is eM,x ■= {pm <S) px){E), 
^M,x,Y ■= {pM px ^ Py){^ b) for (M,pm) e Ob(Rep(B)). 

4.4. Braided module categories and representations of Bl^. Recall that if C is a strict 

braided tensor category, and X G Ob(C), then [3 gives rise to a group morphism Bn 
Autc(^®") for any X G Ob(C). If ai, i7„_i are the standard generators of i?„, this morphism 
is fTj i-> idjf®*-! ^/3x,x idjf®"-*-!- 

If now is a strict braided module category over the strict braided monoidal category C 
(i.e., the two natural bifunctors — > C coincides, as well as the two bifunctors M x ^ M, 
and the constraints i>c and are the identity), if M e Oh{M.) and X G Ob(C), then s, /3 give 
rise to a compatible group morphism B^ AutMiM (g) X®") for M G Ob(A^), X G Ob(C), 
by r em.jc ® idj^r®"-!, idMigx^'-i ®l3x,x ® idx®n-i-i- 

The fact that (tcti)^ = (fir)^ is preserved follows from the identity {sM,x<^idx)osM®x,x = 
SM(g)X,x o {sm.x ® idjf), which follows from the functoriality of e. 

In [BN], the groupoid PaB„ was defined by Ob(PaB„) = {{a,w)\a G &mW is a paren- 
thesization of Xo-(i)...Xo-(n)} and PaB„((f7, w), (cr', w')) = {braids relating a;cr(i)---a;cr(n) and 
x„i(^iy..x„Hn)\- Combining the proof of braid representations in the strict case with McLane's 
theorem, one shows that to any braided monoidal category C and any Xi, Xn G Ob(C), there 
corresponds a representation of PaB„, where the object corresponding to (cr, w;) is (8)™<-<„Xj. 
In particular, we get a morphism _B„ AMtc{X®^), where X^^ = {{X ® X) $ij ...) ® X . 
When C = Rep(A), where A is a QTQBA, this morphism is induced by a morphism iJ„ ^ 
(•^»n)x ^ such that 

Bl (A«'")x XI 6„ 

\ i 

en 

commutes; it is given by 

a, ^ ($((i2)..).-i,M+i)-i . ^ + i)^M+i . ^((i2)...)i-i,M+i 

(the generators of B„ are cti, cr„_i); here $((i2)..).i-i,M+i ^ (A^j^^'>-'>"~^ (g) idf){<^A), and 
A«^')-)* = (A^®idf^-2)o...oA^. 

We define similarly the groupoid PaB^ by Ob(PaB„) = {{a,w)\a G (3„,w is a parenthe- 
sization of xoXa-{i)---Xa{n)} and PaB„(((T, w), (cr', w')) = {braids relating xox„(^i)...Xa-(^n) and 
a^oa^<T'(i)---a;<T'(n)}- As above, to the data of a braided module category M over the braided 
monoidal category C, and to M G Ob(A^), Xi, G Ob(C), there corresponds a represen- 

tation of PaB^, where to {a,w), we attach ®o<:i<n-^c(i)' where Xq := M and (j(0) = 0. In 
particular, we get a morphism AutA4(M(g)X®"), where M(g>A:®" = ((Mig>X)(8)...)(8)X. 

When C = Rep(A), M = Rep(B), A is a QTQBA and B is a QRA over A, this morphism is 
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induced by a morphism {B (g) ^)®" x: such that 

B^ (B(g) X e„ 

\ i 

commutes; this morphism is given by 

r ^ E°'\ ai ^ (^ai2)...)i-i,M+i^-i . . ^ i)^M+i . (^((i2)...)i-i,M+i)-i^ 

where ^((i2)...)i-i,M+i ^ (^((i2)-)-i ^ idf and A^^'^-^' = (As ® idf-^) o ... o A^. 

Remark 4.6. If g > 1, let B^ :— Bg+n Xeg+„ &n, where 6„ C &g+n is the subgroup of 
permutations of the last n elements. A presentation of B!^ can be found in [Sos, V] ; generators 
are n, Tg, tri, and relations are (5), TfeCTj = CTjTft (fc e i G [2,n]), TfefTiTfefTi = 

criTkcriTk {k € [l,g]), (TiTea^'^'Tk = Tkama^'^ [l < k < I < g). The inclusion B^ C Bn+g is 
induced by cTj i-^ dg+i, (t"^ • • • a~_^^(Tf(Ti+i ■ --Og. 

If C is a strict braided monoidal category, is a strict monoidal category and F : C ^ M. 
is a monoidal functor, then is a right strict module category over C (the bifunctor eg) : 
X C ^ is (M, X) M ® F{X)). Then a braided module category structure of M over 
C gives rise to group morphisms B^ AutM{®i=iMi ® X^"). We describe these morphisms 
when C = Rep(A), A4 = Rep(S), ^ is a QTBA, _B C A is a subbialgebra. The morphism 
B9 ^ (5®9 ^®n)x ^ ig gi^gn by cTi (^,^TT) o ii*>^, (£;i+i-9,i)-i_Ei-9,i (^g 
set i;®^^ = 1 and i = i + g). 

4.5. Specializations of the tn,N and examples for QRA's over QTQBA's. If g is a 

Lie algebra over k, tg e S'^{g)^, and a G AvLt{Q,tg) is such that = id, then {g,tg,a) 
gives rise to a representation T„^jv U{1) (8) ([^(g) x (here [ = g*^), as follows. Set 

u = Im((T - id), then g = [ © u and tg = U ® t„, where U € S'^{1) and G 'S'^(u). The 
representation is i-*- hN{t^^ + ^tf ), i(a)''' i-> ?i((t" (g) id)(tg)'-', and Sj ct' (here ?l is a 
formal parameter and a_ is the generator of Z/iVZ C C/(g) x 'L/N'L). (g, ig, cr) also gives rise to 
a representation in — » f/(g)®", i*-' ^ hCg . This collection of representations is compatible with 
(a) the insertion-coproduct maps U{\) «) (C/(g) x Z/A^Z)®" ^ [/(I) (C/(g) x Z/AfZ)^"" induced 
by a partially defined function / : [0, m] [0, n] with /(O) = 0, and (b) the insertion-coproduct 
maps J7(g)®" —> U{i) ® J7(g)®™ induced by a partially defined function / : [l,m] ^ [l,n]. 

If (a,A,$,«') G Pseudo(7V,k), then (C/(g) x Z/AfZ[[;i]], = e'*^^)*^ , $(^^ fitf)) is a 
QTQBA and 

is a QRA over it. 

5. The semigroups GTM and GTM 

5.1. The semigroup GTM . Let {A,Aa,R,<S>a) be a QTQBA and let {B,Ab,E,^b) be a 
QRA over A. Let P„ C Bn be the pure braid group. We have group morphisms P„ — > (^®")^ 
and Pn ^ {B (g) ^«i"-i)x Let us describe them explicitly when n = 3. 

We have an isomorphism P3 ~ P3 x Z ~ P2 x Z, where the center Z is generated by (i7icr2)"^ = 
(o-?cr2)^ = a;i2a;i3a;23 (a;i2 = <^i, X23 = o'l; 2:13 = a-2fTf a^^) and P3 = Ker(P3 ^ P2 ~ Z) where 
P3 ~* P2 is the erasing of the strand 2, i.e., a;i2,X23 1— > 0, X13 1— > 1; P^* ~ P2 is freely generated 
by X := X12 and y := X23- 

The morphism tta : P3 — * (A®^)^ is given by 

al ^ R^'^R^'\ al ^ ^^^R^^^R^'^^a, (^1^2)^ ^ p2,l^l,2^^^3,2(^l,3,2-)-1^3,l^l,3^1,3,2^2 
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The morphisni ttba : P3 ^ {B (g) A®^)^ is given by 

Let A e 2Z + 1, e Z and / := /(cr^, erf )((7i (72)^", g := Sf(cr^, fT|)(fTicr2)^''' be elements of 
Pa- Set 

Let us write under which conditions (^4, A^, R, ^a) is a QTQBA and {B, As, E,^b) is a QRA 
over it. According to [Dr2], {A, Aa, R, ^a) is a QTQBA if a = and 

f{y,x) = f{x,y)-'^, /(a;3,a;i)4^"^^/^/(a;2,a;3)4^"^^/^/(a;i,a;2)4^"^^^^ = 1 (16) 
where xi,X2,xs are three variables subject to the only relation X1X2X3 = 1, and 

/(a;i2,a;23a;24)/(a;i3a;23,a;34) = /(a;23,a;34)/(a;i2a;i3,a;24a;34)/(a;i2,a;23) (17) 
holds in P4, where the Artin generators 

^ij = (<^j-2 • • •C^i)~^Cr|-l(c^j-2 • • • CTj) = (fTj_i • • • (Tj+i)crf (cTj-i • • • f7j+i)~^ (1 < « < J < 4). 

Lemma 5.1. If these conditions are met, {B,Ab,E,^b) is a QRA over {A,Aa,R,^a) if 
a' = 0, 

g{x,y)'\j^g{x'\j-\y){x-^y-^Yg{x-^y-^)-^y^g{x,y)x^ = 1 (18) 
(identity in the free group generated by x, y), and 

5(a;oi,a;i2a;i3).g(.To2.Ti2,a;23) = /(a;i2, a;23)5(a;oia;o2, a;i3a;23)6'(a;oi, 2:12) (19) 
holds in P4 (with Artin generators Xij . < i < j < 3). 

Proof. The identity implying that {'t^, ^b) satisfies (13) is 

5(a;i2, a;23a;24)z" 2,34.9(2;i3.'z;23, 2;34)2;i2,3,4 (20) 
= /(a;23, a;24).9(a;i2a;i3, a;24a;34)2?,23,45(a;i2, xi3)z^ 2,3, 

where zi,2,3 = {<Jio-2)^ = a;23a;i2a;i3, 22,3,4 = (o-2cr3)^ = a;24a;34a;23, -Zi2,3,4 = x^^^, a;i,23,4 = 
X23Z, a;i,2,34 = x'^^z, where z := {a3a2(Ti)^ = a;i4a;24a;34a;i3a;23a^i2 generates the center of P4. 
There is a unique morphism P4 ^ Z with xu ^ 1, .Xy for 1 < « < j < 4, {i,j) 7^ (1,4) (it 
corresponds to the removal of strands 2,3). The image of (20) by this morphism yields 2a' = a', 
hence a' = 0. Then (20) implies (19). (18) is then the condition for {E,^b) to satisfy (14). 

□ 

Remark 5.2. (18) implies that ^(A.^.g) ^ End(P2) (-P2 is the free group generated by x,y) 
defined by a; 1-^ g{x , y)x^ g(x , y)^^ , y y^ also takes x^^y^^ to a conjugate of a power of this 
element, namely x~^y~^ y^^ g{x~^y~^ ,y) • {x~^y~^Y ' {y^^ g{^~^y~^ ^y))~^ ■ ^ 

Define GTM as the set of (A, /i, /, g) e (2Z + 1) x Z x P2 x P2, satisfying (16), (17), (18) and 
(19). Then GTM has a semigroup structure, defined by 

(Ai,/xi,/i,5i) * {X2,H2,f2,g2) = {X,i^,f,g), 

where 

A = AiA2, f{x,y)^fi{f2{x,y)x^-f2ix,y)-\y^-)f2{x,y), (21) 

M = M1M2, gix,y) = gi{g2{x,y)x>'^g2{x,y)~^,y^^)g2{x,y). 
Recall that GT was defined in [Dr2] as the semigroup of all pairs (/, A) satisfying (16), (17). 
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We have a natural morphism GTM GT, taking (A, /i, /, g) to (A, /). The semigroup GTM 
acts on the set of pairs {C, A4) of a braided monoidal category C and a braided module category 
A4 over C (GTM stands for "module category version of GT" ) . 

According to [Dr2], Proposition 4.1, GT consists of the pairs (A,/), where A = ±1 and 
f{x,y) = 1; so GT ~ Z/2Z, where Z/2Z acts by {A,Aa,R,^a) ^ (A, Aa, (-R^'^)~\ *a)- In 
the same way, we have: 

Proposition 5.3. GTM consists of the {\,iJb,f,g), where X = fj. = ±1, f{x,y) — 1, g{x,y) = 
(s e Z), so GTM ~ Z xi Z/2Z (the action o/ Z/2Z on Z is nontrivial); Z/2Z acts by 
'{A, Aa,R, $a; B, Ab,E, *b) ^ {A, Aa, {R^^^)-\<Pa] B, Ab,E-\^b) ■ 

Proof. We already have A = ±1 and f{x,y) = 1. Apply the morphism F4 P3, Xij ^ Xij 
if z > 1, xoj 1-^ 1 corresponding to removing the first strand, to (19). We get g{xi2,X23) = 

(xuxi?,)"'' f{xi2,X23){xi3X23)''xl2, whcrc s e Z is such that g{l,y) = ■ Since .T12.T13.T23 is 
central in P3, we get g{x, y) = y'' f{x, y) = y*. Then g{x, y) satisfies (19) and (18) is satisfied iff 

(xyx-i)(^-i)/2(y-i:r-i)^-iy(^~i)/2a.M-i = 1^ (22) 

which implies (as the degree in y of the l.h.s. should vanish) A = /x, and since A = ±1, we have 
necessarily A = /i = ±1. Conversely, (22) is satisfied when A = /U = ±1. □ 

While the solutions of (16), (17), (18), (19) act on (general) braided module categories, 
solutions of these equations in completions of the pure braid groups act on braided module 
categories with additional properties. 

5.2. The semigroup GTM . If G is a group (other that GT or GTM), we denote by G (or 
G^) the profinite completion of G; if </> : G — > -ff is a group morphism, we denote hy (j) : G ^ H 
the induced morphism. 

Recall the definition of GT ([Dr2]). The conditions expressing that (A,/) e GT arc ex- 
pressed via group morphisms, namely K2i(/)/ = 1, K3i(/)k3(^)k23(/)k2(^)/ki(^) = 1, 
d3{f)di{f) = do{f)d2{f)di{f), where Kij : F2 ^ F2 is /(a;i,X2) -» f{x„Xj), Ki : Z ^ F2 is 
M '"^ yf I and di : F2 <Z P3 ^ P4 are the morphisms from [Dr2]; explicitly, Oq : x,y ^ •i;i2,'^23, 
di : x,y Xqi,Xi2.i di: x,y ^ 2:022:12,3^23, and 82'- x,y ^ 2^012:02, a^i32;23- On the other hand, 
the composition is / := 0(X2,h){fi)h, where Oi^xj) : F2 ^ F2 is {x,y) ^ {fx^f-^,y^). GT 
is then defined as the set of (A,/) € (2Z + 1) x F2, satisfying the profinite analogues of the 
above conditions. Any (A, /) e Z x F2 gives rise to 0{xj) S End(F2), which serves to define the 
composition in GT. 

In the same way, we define GTM as the set of all (A, /x, /, g) G (2Z-|- 1) x Z x F2 x ^2 satisfying 
the profinite analogues of the defining conditions of GTM . The composition formulas for GTM 
extend to GTM and define a semigroup structure. GTM acts on the pairs (C, A4), such that the 
image of the braid groups are finite. We have a semigroup morphism GTM GT , compatible 
with the action of GT on similar categories C. 

Proposition 5.4. GTM = {(A, A, /, 2/V)l(A, /) G GT ands e Z}. go GTM - GTxZ, whereZ 
is equipped with its additive structure and the action of GT on it is via the semigroup character 
X ■ GT — > Z, (/, A) I— > A (where Z is equipped with its mutiplicative semigroup structure). 

Proof Let (/, A) e GT and let us find the set of all {g, 11) such that (A, ji, /, g) G GTM . Let 
s G Z be such that (?(l,y) = y" ■ As in Proposition 5.3, applying the morphism P4 P3 of 
removal of the first strand to (19), we get g{x, y) = y^f{x, y). Abehanizing the profinite version 
of (18), we find that fi = \. Conversely, one shows that for any s G Z, (A, A, /, y*/) G GTM . 



16 



BENJAMIN ENRIQUEZ 



So we have a bijcction GTM ~ GT x Z. One then checks that the semigroup structure is the 
seniidircct product {l^,si){l^, S2) = ''^^^■(Lt^ + ^2)- □ 

We now identify (A,A,/,y^/) G GTM with ((/,A),s) G GT x Z. If G is a semigroup, we 

— ' — inv 

denote by G™" the group of its invertible elements. Recall that GT is denoted GT and that 
GTcGTxgZ^. If we set GTM := GTm '"". then GTM = GT k Z = Iff f. A), s)lf f. A) e GT}. 

6. The groups GTM(iV), and GTM(7V, k) 
If G is a group and / is a prime number, we denote by G; its pro-^ completion. 

6.1. Partial profinite and pro-Z completions. Let Lp : T ^ Tq he a surjectivc group 
morphism. There exists a group T{ip,l), fitting in an exact sequence 1 {^1)1 r((y9, /) 
Tq — > 1, and a group morphism F — > r(<^, I), such that the diagram 

1^ Ti ^ r ^ To ^1 

I I II 

1^ (Ti); ^ r((p,o ^ To ^1 

commutes and with universal properties similar to those of partial prounipotent completions 
(see Section 1.1). 

We also have a group r((p) with the same properties, where (Fi); is replaced by Fi; we then 

have a morphism T{ip) — > r{ip, I), fitting in a commutative diagram F J. Fq 

\ F(^,0 / 

We have r{(p) = lim^iv^n cofinite and JV<irr/A^, r{(p,l) = lim^jvon co-i and JV<irr/iV, 
where " AT < Fi cofinite" (resp., co-Z) means that Ti/N is finite (resp., a Z-group). 

By universal properties, the construction of F((^, /) and T{ip) is functorial w.r.t. commuting 

F ^ Fo 
squares | J, . 

F' ^ 

Lemma 6.1. 1) If ip : T Tq and tt : Fq — > Fq are surjective group morphisms, such that 
KerTT is a l-group, then we have an isomorphism ~ F(7r o ip,l), such that the diagram 

F(^,0 ~ F(^o^,0 

i i commutes. 

To - f;, 

2) Sam,e statem,ents replacing "l-group" by "finite" and T{ijj, I) by T{^j) (ijj = (p, it o (p). 

Proof. Let us prove 1) (2) is proved in the same way). By universal properties, we have 
a morphism T{<p,l) F(7r o ipj) commuting with the inclusions of F and the morphisms to 
Fg. To show that this is an isomorphism, reinterpret this map as follows. We have T{ip,l) = 
lim^ive5 r/iV and F(7r o (p,l) = lim^N'eS' T/iV', where S = {N\N < Fi co-l, N < F}, S' = 
{N'\N' < F'l co-l,N' < F} (recall that Fi = Ke^p; we set F'^ := KerTT o (p). The morphism 
is then induced by the map S' S, N' 1-^ N' (which is contained in N'). A morphism 
F(7r o ^,1) F((^, I) is then induced hy S ^ S' , N n^gri/ri7-^7~^ (which is contained in 
N), where 7 7 is a section of the projection Fi Fi/F^. □ 

If F is the profinite completion of F and Fq is finite, then we have a commuting triangle 

r - r(v.,0 ^ ^ ^ 

\ y . The morphism F — > r{ip, I) is the composition F ~ ^if) F((^, I). 

To 
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Recall that if Fn is the free group with n generators, we have an injection ^ Fn{Qi)- 

This implies that if G is finitely generated, we have a functorial morphism Gi G{Qi). More 
generally, if Fi is finitely generated, then one has a morphism T{ip,l) — > r((^, Q;), and a com- 

r ^ To n^j) ^ r((^,QO 

muting square f I I gives rise to a commuting square f{(p,f',i) | J, 

r ^ n r'(<p',0 ^ T'{^',Qi) 

6.2. The rings R{N). Let i? be a ring with unit. We attach to it a ring R{N), equipped with a 
surjective ring morphism R{N) Z/NTi and an exact sequence — > i? ^ Ri^) ~^ 'Z/NZ — > 
of additive groups. 

The ring R{N) is defined as follows: R{N) = (Z/NZ) x R, with addition defined by (a,r) + 

(a', r') = (a+a', r+r'+(T(a, a')A^), where cr(a, o') S {0, 1} is defined by d+a' = a + a'+cr(a, a')N 
(we denote by i £ [0, — 1] the representative of x G Z/NZ). The product is defined by 
{a,r){a' ,r') = {aa',ra' + ar' + Nrr' + 'jT{a,a')N), where 7r(a, o') € N is defined by ad' = 
aa' + 7r(a, a')N. 

The assignment R is an endofunctor of the category of rings with unit with the 

following properties: 

(a) if Ni and N2 are coprime, then R{Ni){N2) ~ i?(iViiV2); 

(b) we have a ring morphism R{N) {Z/NZ)xR, A 1— > (A, [A]), where A = a and [A] = d+Nr 
for A = (a, r); this is an isomorphism if N is invertible in R; 

(b') more generally, if N'\N and d = N/N', we have a ring morphism [[— ]] : R{N) R{N'), 
(a, r) I— > (a, a + dr), where a 1— > a is the morphism Z/NZ Z/dZ, 1 1— > 1; a S [0, A''' — 1] is the 
integral part of d/d; if d is invertible in R, then R{N) (Z/dZ) x R{N'), {a,r) >—>■ (a, [[(a,?")]]) 
is an isomorphism (where a 1-^ a is Z/NZ — > Z/dZ, 1 1-^ 1); 

(c) if R, R' are rings with unit, then {R x R'){N) = R{N) Xz/jvz R'{N). 

If / is a prime number, then (Z//"Z)(/) ~ Z//"+-'^Z; it follows that Zi{l) ~ Zj. Using (a) and 

(b) , we then get Z((7V) ~ Z; x (Z/iV'Z), where A^' = A^/P and a is the l-adic valuation of N. 

(c) then implies that Z{N) ~ Z. One also checks directly that the map (a, r) i-^- d + Nr induces 
an isomorphism Z{N) ^ Z. 

If i is a prime number, then Z(can, ~ Zi(N), where can : Z ^ Z/NZ is the canonical 
projection; on the other hand, Z(0, 1) = Z;. If N'\N, one checks that the morphism Z{N)i — > 
Z Z/A^Z 

Z{N')i induced by \ J, coincides with the morphism from (b') for i? = Z(. 

Z/N'Z 

6.3. The semigroup GTM (iV);. RecaU that GT; is the set of pairs (A, /) G {2Zi + 1) x {F2)u 
satisfying the pro-Z versions of the defining conditions of GT ; the duality and hexagon relations 

take place in (^2)/ and the pentagon relation in {Pa)i. We then have a semigroup morphism 
GT — > GT; ; GT ; acts on the braided monoidal categories C, such that the image of the pure 
braid groups are ^-groups. 

We now introduce a semigroup GTM (A^); acting on pairs (C, A^), such that the images of 
Kn,N C B]^ are ^-groups. The setup of the definition of GTM has to be modified as follows: 
A e 2Z, + 1, / G (P3O); = (^^2)/; M G Z(can,0 = Zi{N), and g G PUv3,n,1) ~ F2{ipN,iy, here^ 
ifiN '■ F2 Z/NZ is defined by a; 1, y 1— > 0. 



^The isomorphism f3('^3,iViO — F2{fNyl) is a consequence of the commutativity of 
F2 Pz 

VN i i V2,JV 
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We now describe the conditions defining GTM (N)i. Recall that the octogon condition (18) 
can be written 

.9~^'«s/(^y-)«(5')«^(M)'«(3)^^«y(^Y~)3Kx(Ai) = 1, (23) 

where the morphisms Kx, Ky, : Z — > F2 are a 1— > a;", a 1— > y", a {y~^x~^)°-, and k : F2 ^ F2 
is g{x,y) gix'^y-'^ ,y). 

Now (fN ° Ky = 0, so Ky extends to a group morphism Z; — > F2{(pN,l), and the dia- 

Z "A^ F2 

grams can J, i vn commute, which implies that k^^z extend to a morphism Zi{N) — » 

Z/7VZ "^-^ Z/7VZ 

F2 — > F2 

F2{'fN,l)- We also have a commuting diagram vn i i , so k extends to an en- 

Z/iVZ Z/iVZ 

domorphism of F2{(pN,l)- All this implies that {X,fi,g) 1— > l.h.s. of (18) extends to a map 

OCtN.l ■■ (2Zi + 1) X Zi{N) X F2i^N,l) ^ F2{^N,l). 

The mixed pentagon condition (19) is written 

d3{9)di{g)=do{f)d2ig)d,{g). (24) 

F2 ^ P4 

For i = 1, ...,4, we have commuting diagrams J, | (^3_„ where ai{l) = (0, 1,0) for 

Z/7VZ ^ {Z/NZf 

i = 1, (1,1,0) for i = 2, (1,0,0) for i = 3,4; moreover, ip^^pf o do = 0. So the morphisms 
di : F2 P4 induce, for i = 1,...,4, group morphisms F2{ipNj) Pi{V3,N,l), and the 
morphism do : F2 ^ P4 induces a morphism (-F2); ^ P4{f3.Nj)- It follows that the map 
(/, ,g) 1-^ l.h.s. of (19) extends to a map pent^^ : (i^2); x F2{(PnJ) P4{f3.Nj)- 

Definition 6.2. GTM (A^), is the set of all (A, ^, /, .g) £ {2Zi + 1) x Z,(iV) x (F2); x F2(¥'jv, 0; 
swc/i i/iai (A, /) e GT ;, octAr_z(A, /x, 5) =1 anrf pentjv ;(/, 5) = 1- 

We now define the composition in GTM (A^)/. 

Wc define X x^,y^ as the morphisms Z; (^2); induced by Z ^ i^2, a 1-^ , . Then 
for (A, /) e Z; X (^2);, there is a unique 6'(a,/) G End((F2)i) given by a; h^- fx^f~^, y 2/^. 

Define /x 1— > x'' as the morphism Zi{N) — > F2{ipN,l) induced by Z — » i^2, a >■ a^" and 
A HH. y-^ as the morphism Z; F2{(pN,l) induced by Z ^ F2, a ^ y"^ . For (X.fi.g) £ 
Zi X JjilN) X F2{(fiN,l), there is a unique ^(A,ju,g) G End(F2(</'Ar, 0) given by x gx^g~^, 

y '-^ y^- 

The composition law of GTM(A^); is defined by the same formulas as for GTM, where 
the composition for / is understood as / := d{X2.f2){fi).h and the composition for g as 
g := 9(^x2,u.2,g2){9i)92- One then checks that GTM (iv'); is a semigroup and GTM (A^); GT, , 
(A, /i, /, g) I— > (A, /) is a semigroup morphism. 

Lemma 6.3. If [X, fi, f , g) G GTM ( N)i, then X = [11], where [—] is the morphism 'Zi{N) Z; 
from 6.2, b). 

F2 ^ Z2 

Proof. The abelianization morphism F2 1/ fits in a commutative diagram i i 

C 9in yOi) 

Z/7VZ ^ Z/iVZ 

so it induces a morphism ab : F2{^pN,l) Zi{N) x Z;. Let us apply ab to (23). We have 
ab{Ky{i')) = (0,z/) for u G Z;, and for v' G Zi{N), ab(K;x('^')) = i'^'^^) ^^'^ ab(K;2(i^')) = 
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— (r/', [t^']); this follows from the fact that the morphism Zi{N) — » Z( induced by the diagram 

Z ^ Z 

can J, J, is [— ]. The image of (23) by ab is then (0, [fj] — A), so [fj] = A. □ 

Z/NZ A Z/NZ 

Let 6 : F2 — > Z be the morphism a; 1— > 1, y 1— > 0. We have a commutative diagram 
F2 ^ Z 

vnI i can hence b induces a morphism 6; : F2{(pN,l) — *■ 'Zi{N). In particular, the 

Z/NZ ^ Z/NZ 

morphism F2{'^Nt^) Z/NZ induced by (^^v factors as F2{^n,1) '^i{N) Z/NZ. 

Lemma 6.4. If {X, jjL, f ,g) G GTM {N)u then g G Ker[6i : F2{(fN,l) Z;(iV)]; in particular, 
g e Ker((^jv); = (Kerc/Jjv);. 

Proof. It is well-known that / belongs to the kernel of the abelianization morphism (^2); — > 
Z®^ (this can be checked by abelianizing the pentagon identity). The mixed pentagon identity 
can be similarly abelianized: the abelianizations of the maps di {i = 0, ...,4) fit in commuting 

F2 a P4 

squares abi J,ab which give rise to squares 

Za;«^eZy°'' ®ii,j)\o<i<j<3Zxf^ 

F2{'PN,l) ^ P4(^3,JV,0 {F2)l Pa{^3,N,1) 

'^^^ for i^Q and "^^^ ^"^^ 

Zi{N)x'''> {d,)f ®\^^Zi{N)x'^\ ^ ' Zzx"^ (do)f ®^i^^'Li{N)x'i 

Set ab(,9) = 6a;"^ + cy"^ 6 G Z,(iV), c G Z,; in fact, /; = hi{g). Then (52)i(5) ^ K^m + 2:^2) + 
c(a:?| + x^l), {di)i{g) ^ ^'■^Si + c^tl {dz)i{9) ^ Ki + ^(2:12 + x^^Y\ and {8^9) ^ K2 + 

[6]a;?Hca:i. Since (ao),(/) S 0, we get ab((52)K5))+ab((S4)U5)) = ab((ai)K5))+ab((a3)K5)), 
which implies 6 = 0, as wanted. □ 

Z ^ Z/ATZ F2 Z/iVZ 
If A''' I A'', the commuting diagrams \ J. and vw'X J. induce morphisms 

Z/N'Z Z/N'Z 
TTjvjv' : Z;(7V) — » Zi{N'), F2{(pN,l) F2{(pN',l) which take place in commuting squares 

F2{ipN,l) F2{ipN',l) 

ai,2,3i 191,2,3 , etc. We derive from there morphisms 

Pa{'Pn,1) Pii'fN'J) 

TTNN' : GTM(Af)i ^ GTM{N')i, 

such that ttnn" = t^N'N" o t^nn'- The categorical interpretation of ttnn' is that as Kn^N C 
Kn,N', we have Cat at' C Cat at where Cat at = {pairs {C,M.) where the image of Kn,N in each 
Autx(M (g) X®") is a Z-group}; the action of 5 G GTM (A^); restricts to the action of i^NN'ig) 
on Cat AT'. 

If now A^' = A"//", where a is the ^-adic valuation of A^, ttnn' is an isomorphism as Zi{N) ~ 
Zi{N') and F2{ipN,l) ^ F2{^pn',1). So 

GTM iN), ~ GTM fAT/n;. 
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This is consistent with the categorical interpretation of GTM (A^);, since the image of Kn.N is 
an /-group iff the image of K^^n' is, as K^^n is a normal subgroup of K^^n' and the quotient 
in an Z-group, so Catjv = Catjv/;« • 

6.4. The morphism GTM GTM (iV)/. Recall that we have a group morphism F2 

FiifNil) such that \ ^ commutes. In the same way, we have an additive 

Z/iVZ 

group morphism Z — > Zi{N); this is actually a ring morphism, since we have a ring isomorphism 
Z ~ ^iN), which we compose with the morphism Z{N) 'Zi{N) induced by the projection 
Z Zi. These induce maps (1 + 2Z) x Z x F2 x F2 ^ (1 + 2Zi) x Zi{N) x (i^a); x F2{fN, I); 
one checks that this induces a semigroup morphism GT k Z ^ GTM GTM (A^);, such that 
GT K Z ^ GTM fjV), 

I i commutes. 

GT ^ GT, 

We have a semigroup morphism GTM (iV); '^i{N) = (Z/NZ) x Z; (with multiplica- 
tive structure), (A, A',/, 5) 1— > A'. The composed map Z c GT x Z ^ Z{N) is trivial. Let 
GTM{N)i := GTM (jV)™". The composed map Gal(Q/Q) ^ GT ^ GTM(iV), ^ (Z/NZ)'' x 
Z^ is the cyclotomic character. This implies that the group morphism Gal(Q/Q) GTM(7V); 
restricts to Gal(Q/Q(/ijv!»=)) -> GTM(i_i)(7V);, where GTM(i_i)(7V); is the preimage of the unit 
element (1, 1) by GTM{N)i {Z/NZ^ x Zf . 



6.5. The semigroup GTM (TV. k). Recall that GT(k) is the set of pairs (A,/) e k x F2(k), 
satisfying the field versions of the defining conditions on GT; the hexagon and duality conditions 
take place in -F2(k) and the pentagon condition in P4(k). This is a semigroup, which acts on 
braided monoidal categories C over k[[?i]], such that the images of the pure braid groups are 
of the form id +0(;i); and also on QTQBA's over k[[fi]], such that i? = l®^ + o{h) and $a = 
1®^ + 0{h). We have a semigroup morphism GT(k) ^ k, (A, /) ^ A, and GT(k) := GTfk)"^ 
is the preimage of k^ . 

We define GTM(iV,k) as the sot of {\,nJ,g) G k x k(A^) x i^2(k) x F2((/?Ar,k), satisfying 
the field octogon condition (in F2(93Ar,k)) and mixed pentagon condition (in P4((^3^iv, k)). As 
before, if (A,^,/,g) £ GTM(A^, k), then A = [/i] and g e Ker(^jv(k) = (Ker (^jv)(k), where 
¥'jv(k) : F2(k) -> Z/NZ is induced by <^jv. 

We have a semigroup morphism GTM fA^. k) k(Af) ~ (Z/iVZ) x k, {X,ii,f,g) ^ /x. One 
checks that the group GTM(A/',k) := GTM (AT. k)'"^ coincides with the preimage of k(A')^ = 
(Z/iVZ)x X k><. 

We also have a semigroup morphism GTM(A^, k) GT(k) . The semigroup GTM( A^ , k) acts 

on pairs {C,Ai) defined over k[[?i]], such that the images of Kn,N are of the form id+0(fi), 
and also on pairs {A, B), where A is a QTQBA as above and B is a QRA over it, such that 
E'^ = 1(8)1 + 0(n). 

Let us prove that the map F2{ipntI) ^ F2{(pN is injective. For this, it suffices to prove 
that (Keriyjjv); — > (Ker(^Ar)(Q;) is injective. This follows from the fact that Kei(fiN is the free 
group with generators X, y{a), a = 0, N — 1 (where X := and y{a) := x°'yx~"). 

The inclusion (2Z, + 1)' x Zi{N) x (^2); x F2{'Pn,1) C Q; x ^i{N) x F2(Q;) x P2(v5w,Q0 
then gives rise to a semigroup inclusion GTM (AT. /) C GTM (A^. 0;) and an inclusion between 
the corresponding groups. 
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6.6. The Lie algebra gtTn(-/V, k). Define the Magnus semigroup Mag(A^); ;= {(A,/i,/, g) G 
Z; X Zi{N) X (^2); X (Ker</5jv)i|A = [^]}, equipped with the composition law of GTM(A^);. We 
have a morphism Mag(iV); ^ End((F2)0°'^ ® End(j^2('^jv, 0)°p, (A,/x,/,g) ^ (f?(A,/) , ^^(a,^,^)). 

In the same way, one define Mag(A^, k) := {(A, /i, /, ,9) G k x k(A^) x F2(k) x (Kcr 95Ar)(k)|A = 
[fj]} equipped with the composition law of GTM(A^, k). We also have semigroup morphisms 
Mag(A^,k) ^ End(F2(k))°P e End(F2(v?jv,k)) and Mag(7V,k) ^ k(iV), (A,...) ^ fi. Let 
Mag(iV,k) := Mag(iV,k)*™ be the preimage of k(iV)^ . Let Mag(j ^^(Af, k), (rcsp., Mag(j_i)(iV, k)) 
be the preimage of (1, 1) under Mag(iV, k) ^ k(iV)^ , resp., of 1 under Mag(iV, k) ^ (Z/A^Z)^ . 
We have an exact sequence 1 — > Mag(j ^^(-/V, k) Magj(iV, k) ^ k^ — »• 1. 

Let f(ui, G /) be the topologically free Lie algebra generated by Ui,i S I. As Kert/jjv is 
the free group generated by X := x'^ and y{a) := x°'yx~°', a € [0, A^ — 1], Lic(Kcr (/37v)(k) = 
j{E,ri{a),a G [0, A'' — 1]); here E := logX and r]{a) := logy(a); similarly LieF2(k) = f2(C,»?), 
where ^ := logx and 77 := logy. 

Lemma 6.5. Mag(i j)(A'', k) is a prounipotent Lie group. The Lie algebra o/Magj(k) is ]s.x 
LieF2(k) xLie(Ker(pjv)(k) ~ kxf(^,r7) xf(S, ry(a),a € [0,A''— 1]), equipped with the Lie bracket 

[(si,Vl,Vl),(S2,</92,V'2)] = (0, (1^1,^2), (V'l,V'2)), 

where 

where D,D^ are the derivations off{^,r]) defined by D{^) = ^, D{r]) = rj and D^{S^) = [</5,^], 
D^{r]) = 0, and 

(V'i,V'2) = ['>Pi,H+S2D{tPi) - s{D{'^2) + D^Mi) -D^Aiii); 
here D,D^ are the derivations o/f(S,r/(0), . . . ,r]{N — 1)) defined by 

D:E^E, r]{a) ^ 77(a) + ^ r?(a)] (a e [0, AT - 1]) 

D^:E^ [V, S], rj{a) ^ [^(S|?7(0), . . . , ri{N-l))-iP{E\r,{a), r?(a+Ar-l)), 77(a)] (a G [0, AT- 
(one checks that these formulas hold for any a 

Proof. Identify (A, ^, /, g) with (a, k, /, g), where /i = (a, k) G k(A^); so A = a + A^fc. 
The composition in Mag(A^,k) is given by {ai,ki, fi, gi){a2,k2, f2, 92) = {a,k,f,g), where 
a = a\a2, k is such that a + Nk = {di + Nk\){a2 + Nk2), f{x,y) is given by (21) and 

giX\y{0), ...,y{N-l))= 52(X|y(0), . . . , y(Ar - 1)) • (25) 
gi I Ad{g2{X\y{0), ...,y{N- l))-^)(t/(0)«^+^'==), 

Ad (X'=^52(X|y(a2), . . . , y(52 + AT - l))-i) iy{d2r+^''n, 

Ad (X(^-i)'=^52(X|y((Ar - 1)^2), . . . , y{{N - 1)&2 +N- l))-'){iy{N - 1)52)"^+^'=^)) . 

Here we extend a 1-^ y{a) to a G Z by y{a + N) = Xy{a)X~^ . It is then clear that 
Mag^j 1) '*^) ^ prounipotent Lie group. The Lie algebra structure is obtained by lin- 
earization. □ 

We will denote by Exp : f(^, r/) xf(S, 7/(0), r7(A''-l)) —>■ F2(k)x(Ker(^Ar)(k) the exponential 

map of Mag(j ;l)(A^, k). 

GTM(i 1) (TV, k) has been defined as GTM(A'', k)nMag(i_i) (A'', k); we similarly set GTMi (A'', k) : 
GTM(Ar,k)nMagi(A',k). We then have an exact sequence 1 ->■ GTM(i_i)(A/', k) ->■ GTMi(Ar,k) - 
k^ . We denote by 

^ £itm(i_i)(A^,k) ^ 0tmi(Af,k) ^ k 
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the corresponding exact sequence of Lie algebras. 

Lemma 6.6. The Lie subalgebra 0tmj(iV, k) c k x f(^, r]) x f(S, ry(0), r]{N — 1)) is the set of 

all (s,Lp,^) such that 

where e^e^eS = 1, 

(relation in Lie(P4(k)), where logXij), 

mnO), ■■■,v{N-l))- • ■ • , viN)) (26) 

+ mW{l), r,'(2 - N)) - V'il - N)) + |(r;(0) + 77(1)) + |p(S + 9) = 0, 

where r]{a + N) = Ad(e")(r/(a)), = e~''(o) ■ • • e-''(^-^)e--, r/'(l) = r]{l), r/'(0) = ti{0), 
r?'(-l) = Ad(e-''(°))(r7(-l)), r?'(-2) = Ad(e-''We-''(-i))(r?(-2)), eic, ancf in general r]'{a - 
N)=Adie^){7]'{a)), and 

V'(soi|?(o)i2 * ^(0)13, ...,aN- * aN - if^) 

+ V'(S02 ^ ^(0)12 ^ . . . ^ ^(^ _ l)i2||(o), . . . , e(A^ - 1)) 

+ ^(SOl * * ^(0)12 * ... * ^(AT - 1)12 ^ (_Ar^(0)12)||(0), . . . , |(iV - 1)), 

(equality in lAc{K^^Niy))) where (a) :—logAd[xi2{l)...xi2{a)ui2{a,^a)][x23{a)] and S^(a) := 
logAd[a;i2(0)~"a;i2(l)...a;i2(Q;)][xi3(Q;)] Ad[xi2(0)~"a;i2(-a)...a:i2(-l)][a;23(a)]; recall thatlog : 
Xoi,Xi{a) I— > H°*,^(a)*-' and the Uij{a,f3) have been defined in Proposition 1.1. 

The Lie algebra fltm^j ^^(A'', k) is prounipotent and the map gtmj(A', k) — > k is (s, V') 1— > s. 

Proof. The quadruple {X,)j,,f,g) £ k x k(iV) x F2(k) x (Ker (/Jjv)(k) lies in GTM fAT. k) iff it 
satisfies A = [/i], i.e., X = d + Nk if n = {a, k), (A, /) e GT(k), 

a{X\y{l),... ,y{N)y\{l)('-^y' (27) 

5(y(0)-i...y(l-A^)-iX-i| 

y(l), y(0), Ad(y(0)-i)(y(-l)), . . . , Ad(y(0)-i • • • y(3 - N)-'){y{2 - N))) 
{y{0)-' • • -2/(1 - N)-^X-')'^y{0)-^y{-ir^ .■■y{2- a)-' 
g{y{l - d)-' ■ ■ ■y{2 - a - N)-'X-'\ 

2/(1 - a), Ad(j/(1 - ~a)-'){y{-~a)), . . . , Ad(y(l - a)-' ...y[3-d- N)-'){y{2 - a - N)))'' 

yil - ci)(^-i)/2g(X|y(l - a), . . . , y(A^ - a))X'= = 1, 

and equation (24), where 9o : F2(k) K-^^issi^s) is induced by a; 1-^ a;i2(0), y 1-^ ^23(0) and 
di : (Ker(pjv)(k) ii'3,jv(k) are given by 

: X A:o2a;i2(0)...a;i2(A/' - 1), y{a) ^ Ad[a;i2(l)...a;i2(Q!)ui2(Q!, -a)][a;23(a)], 
52 : X ^ XoiXo2Xi2(0)...xi2(Af - l)xi2(0)-^, 
y(a) ^ Ad[a;i2(0)-"a;i2(l) • • •a;i2(a)][xi3(a)] Ad[xi2(0)-"a;i2(-a) • • • a;i2(-l)] [a;23(Q;)], 
ds-.Xt-^Xoi, y{a) Xi2{a)xi3{a), 54:Xi-^-Xoi, y{a) x 12 {a). 

The formulas are then obtained by setting a = 1, A = 1+es, f{x, y) = e^'^^^'^\ g{X\y{0), y{N— 
1)) = e=V'(H|r;(0),...,7,(Ar-i)) g^^^ linearizing in e. □ 
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Remark 6.7. As in [Dr2], the surjectivity of 0tmj(A^, k) k for k — Qi, hence k = Q, 
follows from that of the cyclotomic character Gal(Q/Q(/XAr)) Zf' , and another proof of this 
surjectivity can be given using cyclotomic associators (see next section). 

7. TORSOR STRUCTURE OF Pseudo(A^, k) AND THE GROUP GRTM(iV, k) 

7.1. Action of GTM{N, k) on Pseudo(7V, k) . The semigroup GTM{N, k) acts on Pseudo (A^, k) 
as follows: 

(A, ^i, f, g) * (a', A', *') = {fia' , [m]A', (28) 

where 

^" {t'^\t{Qf^ , ... ,t{N- 1)23) := *'(ti2|i(o)23^ . . . , t(7V - 1)23) 
^(e^'*" I Ad (*'(tJ2 \t{Qf\ ...,t{N- l)23)-i) (e^'* W), 

Ad (e(^'/iV)tJ^^/(il2|^(^/-)23^ _ _ _ ^ ^ _ i)23)-l^(gA't(a')=^)^ . . ^ 

Ad (e(^-i)(^'/^)t;^$'(ti2|i((jv - l)a'f\ . . . ,t{{N - l)a' + N- i)23-)-i-)(gA't((JV-i)a')=^-)j 

(recall that A = [/x], so if ^ = (a, k), then A = a + Nk; also /Z = a). This action is compatible 
with the action of GT(k) on Assoc (k) and the natural morphisms GTM (A^, k) —> GT(k), 
Pseudo (A^, k) —>■ Assoc(k). 

This action restricts to an action of GTM(A'', k) on Pseudo(A^, k), compatible with the 
action of GT(k) on Assoc(k). 

Theorem 7.1. //Pseudo(iV, k) is nonempty, then the action of GTM{N,k) on Pseudo(A'', k) 
is free and transitive, in other words, Pseudo(A'', k) is a torsor under GTM(A'', k). 

Proof. The proof is parallel to [Dr2], Proposition 5.1. One shows that formula (28) defines a 
free and transitive action of Mag (iV, k) on{{a,X,f,g) e (Z/A^Z)^ xk^ x ^2(k) x (Ker <pjv)(k)}. 
Hence given (a-, A-, ^i), i = 0, 1 in Pseudo(A/', k), there is a unique (A, /z, /, g) G Mag{N, k), 
such that (A,/i,/,g) * (oq, Aq, $0, "iPo) = (o-'it ^[t^i,"^!)- It remains to show that (a,\,f,g) € 
GTM(A^,k). [Dr2], Proposition 5.1 implies that (A,/) satisfies (16), (17). Let p"^,y^^) : 
Bl{ipn,N exp(t„,jv(k)) X (Z/NZ)"- x 6„ be the morphism induced by {a',X',^,^) e 
Pseudo(A/', k). Replacing in the identities (8), (9) satisfied by $1 and by their 

expressions in terms of {f,g) and ($0j *o); and using the fact that ($0, V^o) satisfies the same 
identities, we find that the images of relations (27), (24) by p"^, y (n = 2, 3) are satisfied; 

since p"^^ ^^-j is bijective, these relations are satisfied in B\{ipn,N-i k) (n = 2, 3). □ 

7.2. Pseudotwists and splittings of exact sequences. The group (Z/A^Z)^ x k^ acts 
by automorphisms of in.N as follows: (0,7) ■ = "ftl\ (fi, 7) • t{a.y^ = ^ft{ca)^^ . and it acts 
by automorphisms of t„ by (0,7) • t*-' = ^t^K This induces an action of (Z/A^Z)^ x k^ on 
Pseudo(A^, k), such that the map Pseudo(A^, k) Z/NZ x k is equivariant (Z/A^Z x k 
being equipped with the action (0,7) ■ (a,A) = (ca, 7A)). In particular, we get isomorphisms 
Pseudo(a,A)(A^,k) ^ Pseudo(i^i) (A, k) for any (a. A) e (Z/AZ)^ x k^. 

Lemma 7.2. // PseudO(i_i)(Af, k) ^ 0, then the group morphism GTM(Ar,k) k.{NY - 
{Z/NZY x k^ is onto. 
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Proof. Let (a, A) G (Z/iVZ)^ xk^ and * G PseudO(ij)(A^, k), then (a, A)-* S PseudO(„.A)(A^, 
according to Theorem 7.1, there is a unique g £ GTM(7V, k) sucli that 5 * * = (a, A) • Then 
the image of g under GTM(Ar, k) ->■ \s.{N) ^ is (a, A). □ 

It follows that if Pseudo(i4)(iV,k) 0, the morphisms GTMi(A/', k) ->■ k^ and gtmi (iV, k) 
k are also onto. 

The actions of (Z/NZ)-^ x k"" and GTM(7V, k) on Pseudo(A^, k) commute with each other. 
We have therefore an action of GTM(A'', k) on Pseudo(i i) (A'', k), defined by (A, ^, f,g) o ^ = 

{jl, • (A,/!,/,^)*. 

To each \1/ G Pseudo^j i)(iV, k), we associate the Lie algebra of the stabilizer of This 
defines a section of the exact sequence 

^ 0tm(i_i)(iV, k) ^ fltmi(Af, k) ^ k ^ 0. (29) 

Lemma 7.3. //Pseudo(i_i)(iV, k) ^ 0, then the map Pseudo(i i)(iV, k) {splittings of (29)} 
is a bijection. 

Proof. GTM(j j^-j (TV, k) acts on the target of this map by conjugation, and the map is 
then equivariant. So it suffices to show that Spl(k) := {splittings of (29)} is a torsor un- 
der GTM(j i)(Af,k). Spl(k) identifies with {elements of Btmj(A^,k) of the form {l,ip,ip)}. If 
we fix an origin {l,ipo,tpo), then Spl(k) identifies with 0tm(j ^^(A'', k), and the vector field at 
(0, (^',V') S 0f'r"(i,i)(-^: k) ~ Spl(iV, k) induced by the action of (0, (/j,'0) £ 0fn^(i.i)(^i k) is 
(0, [ipo,'p']+D{<fio) + D^^{ip') - D^,{ipo), [tl}o,tfj']+D{i;o) + (V-') - ^V-' (V'o)); this defines 
a linear map ^(a.ip'.ip') '■ Q^^{i,i){^j^) ^ 0tm(j ^^(A'', k). Now 0tm(j i)(A'', k) has a decreasing 
filtration g-'^ = {(0, (/3,V') € 0tm(j_;^)(A^, k)]?/" has degree > k} (this condition implies that ip 
has also degree > k), ^(o,^',,/,') is compatible with this filtration and the associated graded map 
is multiplication by k in degree k, so that i?(o,<p'>') is bijective. This suffices to show that the 
action of GTM(j ^^(A'', k) is free, and using successive approximations, one can also show that 
it is transitive. □ 

Proposition 7.4. // gtmj ( A'', k) -^\s. is surjective, then Pseudo(j^i)(A'', k) ^ 0. 
The proof follows [Dr2], Proposition 5.2. 

Proof. Let us assume that this map is surjective, i.e., there exists an element {l.ipjijj) in 
0tmj(Af,k). There exists a unique pair (^j^*), where $ G -F2(k) and 4* G (Ker (^Ar)(k), such 
that 

^{U,V)-'^ <i>{tU,tV) = ^{NU,AdmU,V)-'){NV)), 

^{A\b{0),... ,6(Ar-l))-iA ^i.{tA\tb{0),... ,tb{N-l)) 

dr|t=i 

= iIj(^NA\ Ad(1'(A|6(0), ... ,b{N- l)))-\Nb{0)),Ad{e^-^{A\bil), ... , b{N)))-\Nb{l)), 

Ad(e(^-i)^*(A|6(Ar - 1), ... , b{2N - 2)))-\Nb{N - 1))) . 

Proposition 5.2 in [Dr2] implies that $ G AssocAr(k). Repeating the final argument of loc. 
cit., we find that ($, ^I/) satisfies the mixed pentagon relation (9). Let us now show that ^' 
satisfies the octogon relation (8), where (a. A) = (1, A/'). Let us set 

Q{Am, ...,b{N- 1)) := ^{Cm, . . . , 6(1 - Ar))e^vi/(C|6(-1), . . . , b{- N))-' e'^'^-'y^ 
*(A|6(-1), ...,b{N- 2))e^*(^|6(0), ...,b{N- l))-^e^'>^°^/^. 
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We have *(^|6(0),... ,b{N - 1)) = 1 + ^{A\b{0),... ,b{N ~ 1)) modulo degree > 2. Since 
ip satisfies (26), we get Q = 1 modulo degree > 2. Assume that we have proved that Q = I 
modulo degree > n, where n > 2. 
We have 

Q{A\b{0),... ,b{N-l))-'-^ Q{tA\tb{0),... ,tb{N-l)) (30) 
= ^^^^ + A' - il:{NA'\Nb'{0), . . . , Nb' {N - 1)) + 2lj{NA'\Nb' (-1), . . . ,Nb'iN-2)) 

+ ^^^Khll + c' + ijj{NC'\Nb" i-l), Nb"{-N)) - i;{NC'\Nb"{0), ... , Nb"{l - N)), 
where 

A' = Ad (e-^''(°)/2^(A|&(0), ... ,b{N- 1)))(A), 
6' (a) = Ad {e-^'>^°^/HiA\b{0), ... ,b{N- l))e"^*(A|fo(a), ...,b{a + N- l))"!) (6(a)), 

C = Ad (e-^''(°)/2^(A|&(0), ... ,b{N- l))e-^ 

*(A|6(-1),... ,6(7V-2))-ie-^''(-i)/2vi/(q6(-i),... ,b{-N))){C), 

b"{a) = Ad (e-^*W/2^(A|6(0), ...,b{N- l))e-^*(A|6(-l), ...,b{N- 2))-^ 

e-^*(-i)/2^(C|6(-l), . . . , 6(-Ar))e-("+i)^*((7|6(a), . . . , 6(a - iV + l))-i) (6(a)). 

Define q{A\b{0), ... ,b{N - 1)) as (Q - 1 modulo degree > n + 1). So the l.h.s. of (30) is 
1 + ng(^|6(0), . . . , 6(iV - 1)) + (degree > n + 1). 
Let us compute the r.h.s. of (30). We have 

N-1 

^NC'^Nb'io) . . . ^Nb'iN-D^NA' = 1 + ^ 5(^|6(a), . . . , 6(a + iV - 1)) + (degree > n + 1), 

a=0 

and 

^m"i-a-i) ^ Ad (Q(A|6(0), . . . , 6(Ar - 1))-') (e-^^-'f-^) ■ • • e-^'''(-«)e^'''(-«-i) ■ • • e^'-'^-i)) 
+ degree > n + 1. 

Define 6(— a) by 

e^H-a-l) ^ g-JV6'(-l) . . . ^-Nb'{-a)^Nb'{-a-l) . . . gJV6'(-l) 



C7":=Ad(*(C|6(0),... ,6(l-Ar)))(C), 

AT-l 



a=0 

We have C = Ad(Q(^|6(0), . . . , 6(a + - l))-i)(C"), therefore C = C"+ degree > n + 1. 
Therefore e^^c"'pWfc'(o) . , , ^Nb' {n-i)^na" ^ (degree > n + 1). So (26) implies 

^^^^ + A" - ^(A'A"|Ar6'(0), . . . , Ar6'(Ar - 1)) + ip{NA"\Nb'{-l), ... , Nb'{N - 2)) 

Nb'(-l) - - - - 

+ ^ ^ + C" + V(A^C"|A^6(-1), . . . , Nb{-N)) - i;{NC"\Bb{0), . . . ,b{l - N)) = 0. 

So the r.h.s. of (30) is equal to 

1 

A' - A" + (degree > + 1) = ^ X! li^lHa), ■■■ ,b{a + N -1)) + (degree > n + 1). 

a=0 
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Therefore (30) implies 

AT-l 

nqiA\b{0), ... ,b{N-l)) = -Yl • • • , &(a + TV - 1)). (31) 

a=0 

This equation imphes that q{A\b{0), . . . , b{N — l)) is invariant under the automorphism At-^ A, 
b{a) I— > b{a + 1). So its r.h.s. is equal to q{A\b{0), . . . , b{N — 1)). Therefore the equation is 
rewritten as (n- l)g(A|6(0), . . . ,b{N-l)) = 0, which implies (since n > 2) q{A\b{0), . . . ,b{N~ 
1)) = 0, so Q = 1 modulo degree > n+1. So Q = 1. So ($, *) G Pseudo(i^;v)(-^) k); hence 
PseudO(i^i)(iV,k) 7^ 0. ' □ 

Corollary 7.5. Pseudo(i^i) (iV, Q) ^ 0. 

Proof. As in [Dr2], PseudO(j_i)(A^, C) ^ implies that 0tmj(A^, k) ^ k is surjective for 
k = C. This implies the same statement for k = Q. Then Proposition 7.4 implies that 
Pseudo(i,i)(Af,Q) 7^0. □ 

7.3. GRTM(A^,k) and 0rtm(iV,k). Define GRTM(i_i)(A/', k) as the set of pairs {h,k) with 
h e exp(t3) and k £ exp(t3^), such that (we recall that U = i^^, V = i^^, and A = 
b{a) = t(a)i2 for a S Z/NZ) ' 

h{U, V) = h{V, U)-\ h{U, V)h{V, W)h{W, U) = 1, 
U + Ad{h{U, V)-^){V) + Ad(/i(C/, W)-^){W) = for [/ + y + = 0, (32) 

^1,2,34^12,3,4 ^ ^2,3,4/^1,23,4/^1,2,3 

(equality in exp(t4)), and 

k{A\b{l), b{N))-'k{C\b{l), 6(0), . . . , 6(2 - N)) (33) 
fc(C|6(0), 6(-l), . . . , 6(1 - N))-'k{A\b{0), ...,b{N-l)) = 1, 

N 

A + J2 Ad(fc(A|6(a), . . . , 6(a + - l))-i)(6(a)) (34) 

a=l 

+ Ad (A;(A|6(0), ...,b{N- l))-i/c(C|6(0), . . . , 6(1 - TV))) (C) = 0, 
where A + J^to K*) + C = 0, 

^0,1,23^01,2,3 ^ /jl,2,3j^0,12,3j(j.0,l,2 

(equality in exp(t3,jv))- 

GRTM(j_i)(A'', k) is a group when equipped with the product {hi,ki) * (/i2,fc2) = {h,k), 
where 

h{U, V) = h2{U, V)hi{U,Adh2{U, V)-\V)), 
k{A\b{0), ...,b{N-l)) = k2{A\b{0), ...,b{N-l))- 

fci (a| Ad(fe(A|6(0), . . . , 6(Ar - l))-i)(6(0)), . . . , Ad(fe(A|6(Ar - 1), ... , 6(2Ar - 2))-^){b{N - 1) 

so we have a group inclusion GRTM(j i)(A', k) c Mag(j i)(A'', k). The action of {I/NIY x 
by automorphisms of tg and tg induces its action by automorphisms of GRTM^j ^^(A'', k). We 
denote by GRTM(Af, k) the corresponding semidirect product. 

The Lie algebra 5rtm(j ^)(A^, k) of GRTM^j ^^(Af, k) consists of all pairs {^p,^|J) G tg x tg j^i 
such that: 

ifiV, U) = -ip{U, V), ifiU, V) + ^{V, W) + ^{W, U) = (35) 
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ifU + V + W = 0, 

[V, ip{U, V)] + [W, ip{U, W)]=0 a U + V + W = 0, (36) 

^12,3,4 ^ ^1,2,34 ^ ^1,2,3 ^ ^1,23,4 ^ ^2,3,4^ (37) 

i>{A\b{0), 6(1), ...,b{N-l))- i>{A\b{l), 6(2), . . . , 6(0)) (38) 
+ ^(C|6(l), 6(0), . . . , 6(2 - iV)) - ij{C\b{0), 6(-l), . . . , 6(1 - TV)) = 0, 



where C = -A- E^o' 



Af-l 



[V(A|6(0), . . . , 6(iV - 1)) - V(C|6(0), . . . , 6(1 - N)),C] + ^ [^(A|6(a), . . . , 6(a + iV - 1)), 6(a)] 



a=0 



where C = -A - J2iLo^ ''(O; 

^1,2,34 ^ ^12,3,4 ^ ^1,2,3 ^ ^1,23,4 ^ ^1,2,3_ (^q) 

The Lie bracket is given by 

[(Vl,V'l),(</'2,^2)] = {{ipi,ip2),{i^l,tp2)), (41) 

where 

{Vi,V>2} = [ipi,ip2] + D^^{ipi) - D^^{ip2) (42) 

(Vi,^2) = [Vi,V'2] +:d^,(Vi) -:dv„(V2). (43) 

Here D^, are defined by 

D^{U) = [ip,U], D^{V) = (44) 

and 

S^(A) = [V;, A], D^{b{a)) = [V'(A|6(0), . . . , 6(iV - 1)) - ^(^|6(a), . . . , 6(a + iV - 1)), 6(a)]. 

(45) 

The direct sum of its homogeneous components is a graded Lie subalgebra of 0rtm(j {N, k), 
and grtrnj-j i^{N,'k) is then the corresponding graded completion. 

The Lie algebra grtm(iV, k) is the semidirect product grttUi {N, k) xi k, 1 € k acting by the 
continuous derivation taking an element (</?, V') of degree n to — n(<^, V')- Then 0ttm(A/', k) is 
equipped with an action of (Z/NZ)^ . 

Remark 7.6. The octogon condition (38) means that 

V'(A|6(a), . . . , 6(a + - 1)) - V(C|6(a), . . . , 6(a + 1 - iV)) 

is independent of a. In the same way, the octogon condition (33) means that A:(^|6(a), . . . , 6(a+ 
N — l))~^A;(C|6(a), 6(a — 1), . . . , 6(a + 1 — N)) is independent of a. These facts are used when 
proving that GRTM(j ^^(A'', k) is a group. 

Remark 7.7. (39) impUes (38). Indeed, (39) impUes that 

[V(A|6(0), . . . , 6(Ar - 1)) - V(C|6(0), . . . , 6(1 - AT)), C\ 

is invariant under the automorphism d\ : A^ A^ 6(a) ^ b{a + 1). So for some A G k, we have 
l.h.s. of (38)= AC. Applying id +6*1 H h 6*^ to this identity, we get A = 0, whence (38). 

Remark 7.8. In [Dr2], Drinfeld showed that conditions (36) and (32) can be removed from 
the definition of GRTi(k) and gtti(k), so GRTi(k) = Assocp fk). On the other hand, we can 
only prove GRTM(i^i)(Af, k) PseudO(i o)(-^. k). □ 
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As we noticed, flim^j ^^(iV, k) is filtered by fl-" = {{(fi,tjj)\'4' has degree > n}. 
Lemma 7.9. grf|tm(j ^^(A'', k) c grttUfj ^^(A/', k). 

Proof. Let 2,9,77(1), . . . ,ri{N) be such that e®e''(i) • • -p/'f^^'e- = 1. Let V' G 0tmi(A,k) be 
of degree > k, and let ip bo its degree k component. Then for any a € Z, we have 

^(S|ry(a), . . . , r?(Q + A - 1)) - ^{E\r]{a + 1), . . . , r?(a + A)) 

= Ad(e-''(") • • • e-''^^)) (V^(e|77'(a), . . . , r?'(a + 1 - A)) - ^(e|?7'(a + 1), . . . , + 2 - A))) 

(we use the conventions of Lemma 6.6). Summing up these equalities for a = 0, . . . , A — 1, we 
get 

(l-Ad(e=))V^(S|77(0),... ,r?(A-l)) 

= J2 (Ad(e-''(")) - 1) Ad(e-''("-^) • • • e-''(^))V^(e|77'(a), . . . , ri'{a + 1 - A)) 

a=l 

+ (1 - Ad(e=e''(°)))^(e|ry'(0), . . . , rj'{l - A)), 

which implies that satisfies (39). The other conditions satisfied by tjj imply that tjj G 
flrtm(i,i)(A,k). □ 

7.4. The action of GRTM(A, k) on Pseudo(A, k). GRTM(i i)(A, k) acts on Pseudo(A, k) 
from the right by ($, ^) * [h, k) = ($', ^'), where 

^'{U,V) = h{U,V)^U,Ad{h{U,V))-'{V)), (46) 
'f'imo), . . . , 6(A - 1)) = k{A\b{0), ...,b{N- 1)) 

* (a\ Ad {k{Am, . . . , 6(A - l))-i) (6(0)), . . . , Ad (/c(A|6(A - 1), ... , 6(2(A - 1)))-') (6(A - 

This action preserves each PseudOj-^ ;^-|(A, k), and it extends to an action of GRTM(A, k) on 
Pseudo(A,k), which is compatible with the action of (Z/AZ)^ x k^ on (Z/AZ) x k and 
commutes with the left action of GTM(A, k) on Pseudo f A, k). 

Theorem 7.10. Pseudo(A, k) (resp., Pseudoj(A, k), Pseudo(j ^■((A, k)^ is a torsor under 
GRTM(A,k) (resp., GRTMi(A, k), GRTM(i^i)(A, k);. 

Proof. It suflaces to prove that last statement. Let ($i,^'i) and ($2,^2) be elements of 
Pseudo(j (A, k). Then there exists a unique pair {h,k) G exp(t3) x exp(t3^), such that 
($1, ^'i) * {h, k) = ($2, ^"2) (where the action is computed according to formulas (46), (47). We 
have to show that {h, k) e GRTM(i 1) (A, k). 

Assume that ($1, 5'i) and ($2, ^2) coincide up to order — 1, i.e., their difference belongs 
to U {i^) y ^ ® U {i!^ j^) ^ (the index means the grading where each generator has degree 1 and 

the 0^ means degree completion). Set ip := ($2 — $1 mod U{t^)^^_^-^), ip := (^"2 — ^'i mod 
^(^3,Af)>i^_i_i)- Since the are group-like and coincide up to order n — 1, we have (p G (13)1^ 

and tp G {^,n)'^- us show that {f,tp) S gttm^i ^^(A, k). 

We first show that cp G grtj^(k). Comparing identities (6) and (7) satisfied by <l>i and $2, 
we find that (f satisfies (35), (37). According to [Dr2], Proposition 5.7, this implies that (f also 
satifies (36) and therefore belongs to gtti(k). 
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Comparing now identities (8) and (9) satisfied by ($i, ^"1) and (<I>2, ^'2), we find that tp satis- 
fies (38) and {tp, ip) satisfies (40). Let us sliow tliat V also satisfies (39). If *(A|&(0), . . . , b{N - 
1)) satisfies (8), we have 

X{0)---X{N-1) = 1, (48) 

where 

Xia) := ^iA\b{a), ... ,b{a + N- l))-ie^^(")/2*(C|6(a), . . . , 6(a + 1 - N))e^ (49) 

^{C\b{a), . . . , 6(a + 1 - 7V))-ie^^(")/2*(yl|6(a), ...,b{a + N- l))e^. 

Let X^(a) be the r.h.s. of (49) for * = ^i, (i = 1, 2). Then 

^2(0) = Xi{a) + [^P{A\b{A), ... ,b{a + N-l))- ^P{C\b{a), ... ,b{a + l- N)),A] 

- N[^p{C\b{a), ... , 5(a + 1 - N)), 6(a)] + terms of degree > 

and Xj(o) = 1+ terms of degree > 0. 
Therefore 

(l.h.s. of (48) for ^2) - (l-h.s. of (48) for *i) 

JV-l 

= {[i^{A\b{a), ... ,b{a + N-l))- ^(C|6(a), ...,b{a + l- N)), A] 

a=0 

- NltpiClbia),... ,b{a+l- A/")), 6(a)]) + terms of degree >v+l. 
Since and \l/2 satisfy (48), we get 

N-l 

J2 imma), ... ,b{a + N-l))- V(C|6(a), . . . , 6(a + 1 - TV)), A] 

- A^[?A(C|6(a), ... ,b{a + l- N)), 6(a)]) = 0. 
Since ip satisfies (38), this identity is equivalent to 

mA\b{0), . . . , 6(iV - 1)) - ^(C|6(0), . . . , 6(1 - N)),A] 

N-l 

- J2 MC\b{a), . . . , 6(a + 1 - N)), 6(a)] = 0, 

a=0 

which is equivalent to (39), after the change of variables A t-^ C, C 1-^ A, 6(a) 1-^ 6(— a). 

Rence{ip,i>) £ 0rtm(j i)(A^, k). Set($'i,^'i) := ($1, *i)*Exp((p,^/'), where Exp : 0rtm(ji)(iV,k) 
GRTM(];^i)(iV, k) is the exponential map for the group structure of GRTM(j (iV, k) (it is 
a restriction of the exponential of Mag^j (A^, k)). Then {^[,'^1) € Pseudo(j i)(iV, k) co- 
incides with (<I>2,^'2) up to order Using successive approximations, we then construct 
{h,k) e GRTM(i i)(7V,k) such that ($1, *i) * (/i, fc) = ($2,*2). □ 

As in [Dr2], we get: 

Corollary 7.11. Any ($,4') G Pseudo(A'', k) gives rise to a group isomorphism S($^$) : 
GRTM(Ar, k) GTM(A', k), defined by the condition that ($, '^)*g = S(4,,*)(3) * ($, *). ' The 
diagram 

GRTM(Ar,k) GTM(Af,k) 

i i 
(Z/ArZ)Xxkx ~ k(Ar)x 

is commutative, so ,S((j,_^) (GRTM^j (A^, k)) = GTM(]; j-)(A^, k). The resulting isomorphism 
grttTifj^^i ^) ~^ 0t-^6ari,i)(-^5 '*) filtered, and the inverse of the associated graded iso- 
morphism coincides with the map defined in Lemma 7.9. The splitting of the exact sequence 
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(29) corresponding to (<&, 4') is the morphism Lie(s($^^)) o j : k — » fltmj(A'^, k), where i is the 
canonical embedding k grtrnj {N, k) . 

7.5. Pseudo(7V,k) when N = 1. 

Lemma 7.12. There is a unique isomorphism Assoc fk) x k Pseudo(l, k), taking ((A, $), 7) 
to (1, A, where * = 6^*^^*$. 

Proof. Let (I, A, "J") belong to Pseudo fl, k). Let : — > t2 be the Lie algebra morphism 
^ 0, 1-^ ^12. Then there exists 7 G k such that e(°)(*) = e^*''. Applying e^") to (9) and 
taking into account that \E' are group-like, we get ^' = e^* i>. Conversely, if $ G Assoc -^ (k) 
and 7 G k, then e'"'* $) belongs to Pseudo^j ;^)(k). □ 

Lemma 7.13. There exists a unique isomorphism Qxim.^i i){l,k) ~ grt^j i)(k)©k(0, f^^), where 
(0,i^^) is central and has degree 1. 

Proof. Similarly to the previous lemma, one proves that {(p,tp) G 0rtm(j k) iS (p G 
flrt(j i)(k) and there exists 7 G k such that ip = + 'yt^'^. One then checks that (0,t^^) is 
central. 

Remark 7.14. grtrnj-j {N, k) in degree 1 . One checks that the degree 1 part of grtm^j (iV, k) 
is spanned by the (0, 6(a) +b{—a)), where a G (Z/iVZ)/{±l}. Moreover, (0,6(0)) is central in 
£irtm(j^i)(A^,k). 

8. The equality GTK = GT 

Recall that ipN ■ F2 ^ Z/NZ is the morphism x 1-^ 1, y 1-^ and that KenpN C F2 is freely 
generated by X, y(0), y{N — 1), where X := , y{a) := x"yx~°'. Define a group morphism 
Sn ■ KcTLfN F2 hy X 1-^ X, y{0) ^ y, y{a) i-^ 1 for a G [1, A'' — 1]. Define also a group 
morphism cat : Ker ipisi ^ Z by Cjv := co Sn, where c : F2 — > Z is x 1-^ 0, y 1— > 1. 

Recall that for any (A, /) G GT, / G C (Ker (/?jv)^. In [Ili2], Ihara defined GTK c GT as 
the set of (A, /), such that 

VAT > 1, SNif) = y^^^^V- (50) 
Theorem 8.1. GTK = GT; more generally, if (A,/) G GT, then (50) holds. 

Proof Set Wn := Wns = {(^i,...,^„) G (C^)"|Vi 7^ j,Zi ^ Zj} and recall that P„+i = 
Tri{Wn,b) (see Subsection 1.3). The morphism (pn,N '■ Pn+i (Z/A^Z)" is induced by the 
covering Wn^N ^ Wn, (zi,...,z„) 1-^ (zf,...,z^), where W„,jv = {(2:1, z„) G (C)"|Vi 7^ 
j,VC G fiN{'C),Zi ^ (zj}. Hence Keryi„^jv = T'i{Wn^N,b) (it is denoted Kn^N)- In addition to 
the inclusion Kn^N ^ Pn+i, we have a morphism (5 at : Ar„,jv — >■ -Pn+ii induced by Wn,N — > W^m 
(zi, Zn) ^ [zi, Zji) by taking fundamental groups. 

The morphisms di : P„ Pn+i (« = 0,...,n-|-l) are given (in terms of the Artin generators 
Xjk, < j < k < n - 1 of Pn) by do : Xjk Xj+i^k+i, dn+i : Xjk Xjk and di : Xjk ^ Xjk 
if fc < i - 1, Xjk 1-^ Xj^k+i if > i - 1 > j, Xjk ^ Xj+i^k+i if j > « - 1, Xj^i-i Xj^i-iXji if 
j <i-l, Xi-ij \->- Xi-ij+iXij+i if j > z - 1. 

Lemma 8.2. There exist morphisms di : Pn ^ Pn+i (i = 1, ■■■,n) given by the same formulas, 
except di : xo,i-i 1-^ a;o,j-i2^o,ia^i_i^i if i = 2, ...,n and di : xqi i—>- a;oi2;o2a:^i2- 

Proof of Lemma. One can show that for i = the morphism di : Pn — > Pn+i is 

induced by the sequence of maps Wn-i D Wn-i Wn, where e g]0, 1[, and: (a) for i = 2, n, 

W'nlt ■■= {{zu...,Zn-l) G Wn-A^j 1^i,\Zj/Zi-i - l\ > e] and W^'fi ^ W„ is {Zi, ...,Zn-{) ^ 
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{zi, ...,Zi-i,Zi-i+e\zi-i\, Zi. ...,Zn-i), and (b) fori = 1, W^^f-^ = {{zi, ...,Zn) € W„|Vi, \zi/zi\ > 
e} and W^f^ Wn is (zi, z„_i) ^ {e\zi\, zi, Zn-i). 

di : Pn ^ Pn+i {i = l,...,'^) is then defined as the morphism induced by the sequence 
of maps Wn-i D W^li ^ Wn, where W^l^ Wn is {zi, Zn-i) ^ (zi, Zi_i(l + 
e), Zi, Zn-i) for i = 2, n and {zi, Zn-i) i— * (e-zi, zi, Zn-i) for i = \. One checks that 
the additional possible winding of i around i + 1 corresponds to the above explicit formulas for 
di. □ 

On the other hand, Oq : Pn Pn+i is induced by the inclusion {(zi, z„)|Vj, ^ M_ 
and Vi j,Zi ^ Zj} C Wn and : P„ —> Pn+i is induced by the sequence of maps 

Wn-i D Wn-i n D"-i ^ Wn, where T> = {z G C\\z\ < 1} and Wn-i n D"-i ^ W„ is 

{Zi, Zn-l) l->- {Zl, Zn-1, 1). 

Lemma 8.3. The morphisms d\, ..., dn,dn+i restrict to morphisms Kn-i,N — > Kn,N, and do 
factors as Pn Kn,N C P„+i. 

Proof. Recall that 'fin,N '■ Pn+i (Z/NZ)'^ is given by xoi Sj, the ith generator of 

Pn '^'^^'^ {z/Nzy-^ 

(Z/ATZ)". We have commutative diagrams ai,a„+ii J,ai,a„+i , where for i = 2, n, 

Pn+l (z/Nzr 

a^isj) = Sj for j < i - 1, ai{sj) = Sj+i for j > i - 1, ai{si-i) = Si-i + Si, dei = a-i, and 
a„+i(sj) = Sj for any j. On the other hand, ^n,N o 9o = 0. This implies the result. □ 

In view of the topological interpretation of 9o, 9i,...,„, i9„+i, the morphisms 9i,...,n) : 
Kn-i,N — * Kn,N and do : Pn ^ Kn-i,N constructed in Lemma 8.3 can be interpreted as 
induced by the following sequences of maps: (a) in the case of (9i)i=2....,n, the maps® Wn-i,N 3 
<'fi,Af ^ Wn,N, <li,Ar := {(^i,...,^,,) £ W„_i,Af|Vj ^ i - 1, | - 1| > £>' and 

W^'fi^AT Wn,N is {zi,...,Zn-i) ^ {zi, Zi-i{l + ir)^/^, z„_i); (b) in the case of di, the 
maps Wn-i,N 3 W^:!i_;v ^ W^n.jv, where < e < 1, W^'^-^ j^ = {{zi, Zn-i) G W„_i,jv|Vj 7^ 
1, \{zj/zi)^\ > e} and W^:!i^^ ^ W„,jv is (zi, ...,z„_i) 1-^ (e^/^zi,z:i, ...,z„_i); (c) in the case 
of dn+i, the maps Wn-i,N 3 W„_i,Ar fl D"-i ^ W„,jv, where Wn-i,N n D"~i ^ W^j^at is 
(zi, ...,z„_i) H-i. (2:i,...,2;„_i,l); (d) in the case of do, the map {{zi,...,Zn) G lV„|Vi, arg(zi) < 

w/n} Wn,N, {zi,...,Zn) ^ (zi,...,Z„). 



Pn 


Kn-1,N 




Pn 


Pn 


id 


Pn 


ii p 

' n 


Lemma 8.4. The diagrams di,d„+ii 


di,dn + ll 






and do I 




do I 




Pn+i 


Kn,N 




Pn+l 


Pn+l 




Kn,N 


5iv p 



commwie. 

Proof. Wc have already seen that the left part of each diagram commutes, so it remains to 
show the right parts. For this, we rely on the above topological interpretations. 

Let i e {l,...,n}. If i = 2,...,n, let e > be such that {u e C||m^ — 1| < e} consists of 
disjoint contractible neighborhoods of the C, G /xjv(C); and let < e < 1 if i = 1; then the 
diagram 

Wn-l,N D <'!i,;v ^ Wn,N 
Wn-1 D Wif_y ^ Wn 



Here e > is small enough for {ti G C||w^ — 1| < e} to consist of disjoint contractible neighborhoods of the 
Ce;ijv(C) in ex. 
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commutes, where the vertical maps are all restrictions of (zi, Zfc) {z^ , z^) (k = n—l,n). 
Passing to fundamental groups, we see that the right diagram involving di commutes. 
When i = n + 1, the diagram 

Wn-1 D w„_inD"-i ^ w„ 

commutes, where the vertical maps are as above. This implies the wanted result involving dn+i- 
The commutativity of the diagram involving do similarly follows from that of 

{{zi,...,Zn) eWn\yi,&rg{Zi) <TT/n} Wn,N 

i i . □ 

{(Zi,...,Z„)eTK|Vi,Z, ^M_} ^ Wr, 

Lemma 8.5. Let f G F^. Then fori = 1,2, 3, di{f) = di(f). 

Proof. For / e F2, recall that c(/) G Z is defined by f{l,y) = y<^'^ and define b{f) G Z 
by f{x,l) = x^'^^\ As di{f) = f{xoiXo2Xi2,X2^) and since xqi commutes with both X02X12 
and X2i, we get di{f) = x^^pdi{f). Similarly, d2{f) = f{xaiXa2Xi2,xiiX2:i), and since X12 
commutes with both .X01.T02 and a;i3a;23, we get d2{f) = :}-'i2 ^d2if); and d^if) = f{xoi,Xi3X23) 
implies d3{f ) = dj,{f). If / G Fj, then b{f) = c{f) — 0, which implies the result. □ 

Let (A, /) G GT. Then f e F^, hence 

do{f)d2{f)d,{f) ^ dsifMf). (51) 

do{f) belongs to K^^^, and since / G (Kert^jv)^ C -ft^s.Ar, so do i9i,2,3(/) and d4{f). So (51) 
takes place in i^s^jv- Let us apply 5n to this identity. In view of the above commutation 
relations, we get do{f)d2{h)di{h) = d3{h)di{h), where h = SN{g); this equality takes place in 
P4. This is rewritten da{f)x^i2^ d2{h)dA{h) = d3{h)x'^^^ di{h) . For a general k G Kertpiv, we 
have b{k) = Nb{6N{k)) so Nb{h) = b{f) = as / G F!^, so b{h) = 0. Hence 

do{f)d2{h)d4{h) ^ d3{h)di{h). 

Applying now the morphism £0 : -P4 ^ P3 of erasing of the 0th strand ( 

for 1 < « < j < 3), and using the fact that £oo do = eo o di = id, so o d2{h) = (a;i3a;23)'^^''\ 
£0 ° 93(M (2;i2a;i3)'''^''\ £0 o 94(/i) = Xj^''-' for h G F2, we get / • (a;i3X23)'''-''^ • xl^^'' = 
{xi2Xi3Y'^'^^ ■ h, hence h = (a:;i2a:;i3)"''^'*'' • ./ • ixi3X23T^^^xl':2^^ = xl'^^ f as a;i2a;i3a:23 is central 
in P3, i.e., h{x,y) = y''^^'^ f{x,y), as wanted. □ 

Remark 8.6. It is observed in [Ih2] that Theorem 8.1 implies that CNiN2{f) = CNiif) + 
cnM) for (A,/) G GT, and Nr,N2 > 1; indeed, y-"i"2(/)/ = (5^,^,(/) = SnA^nAJ)) = 

Remark 8.7. The analogue of Theorem 8.1 for GT; can be formulated as follows. For y >Q, 

one can show that Ker[(P2); ^''X^' Z/Z'^Z] = (Kertp;.^); (if N >1, then (<^jv); = where u 

is the Z-adic valuation of N); as Kercp;.^ is freely generated by X := x^ and y(a) := x°'yx~°', 
a G [0, — 1], we have a morphism : (Kert^ji-); — > (F2);, X 1— > a;, y{0) i-+ y, y(a) 1— > 1, 
a G [1,/" — 1]. We then define Cf : (Ker<^;f ); — > Z; as c/f := c o where c : (^2); — >■ 
is the morphism given by x 1-^ 1, j/ 1-^ 0. The analogue of Theorem 8.1 then says that for 
any (A, /) G GT; , we have Si<^{f ) = y'^'^'^^^f, which implies that for any (A, /) G GT ;, we have 

ci^{f) = m{f). 
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9. The distribution subgroup GTMD(iV,k) c GTM(Af,k) 

9.1. The endomorphisms Sat of GTM. For / = (A,/) e GT, set x(/) := A; x : GT ^ 
is the cyclotomic character. Set ci\[{f) := cj^lf). Then cn satisfies the cocycle identity 
cnH^I^) = CN{f_^)xil2)+CN{l^) (more generally, this identity holds for /. G GT, if xil^^ mod 
N is in {Z/NZ)^). It follows that we have a group endomorphism Sn of GT K Z, (5jv(/,s) := 

(/,S + Civ(/)). ^ 

According to Theorem 8.1, this endomorphism corresponds, under the isomorphism GTM ~ 
GT X Z (Proposition 5.4), to the self-map (A, A,/, 5) ^ (A, A, /, (5jv(5)) of GTM. (According 
to Proposition 5.4, g has the form y^f, so since / S F2, g G Kerb C (Kerysjv)^! where 

GT GTM 

Sf (a;, 1) = x''^^^ so (5 jv(sf) is well-defined.) Of course, the diagram \ Isn commutes. 

GTM 



9.2. The morphisms 5nn' ■ GTM (A^); GTM (N')i. Let us assume that iV'|iV; we set 
d := N/N'. In this subsection, we construct morphisms 6nn' ■ GTM (A^); GTM{N')i, such 

GTM GTM (iV); 
that Sdi ISnn' commutes. 

GTM ^ GTM (jV^); 

We first define (Jjviv '■ K^^n ^ K^^n' to be the group morphism induced by the map 
Wn,N — > Wn,N', {zi, Zn) ^ {zf, z^) by taking fundamental groups. One checks that this 
map restricts to Snn' ■ KertpAr KenpN' under Keripi, C K2.1, {v — N,N'). 

Recall the ring morphism [[— ]] : Zi{N) — > Zi{N') given by (a, r) 1-^ (a, a + dr), where a 1— > o 
is the morphism Z/NZ —>■ Z/dZ, 1 1— > 1, a e [0, A/'' — 1] is the integral part of d/d, where 
a e [0, A^ - 1] is the hft of a; here d = N/N'. 

Let (A.». f. a) € GTM (A^),. Recah that {\,nJ,g) G {2Zi + 1) x Zi{N) x {¥2)1 x (Kerc^jv);- 
We then set 5nn'{>^, H, f, g) ■= (A, [M]J,5NN'{g))- 

Proposition 9.1. This defines a map 6nn' ■ GTM (iV); GTM{N')i, such that 6NN'{g^g2) = 
SNN'{9^)SNN'ig2) for g^ S GTM (AT); x^/dz {Z/dZ)^, which restricts to a group morphism 
6nn' rGTM{N)i GTM{N')i. 

Proof. One checks that for a general g G F2(Viv), ^1(5) = XQi^^^di{g), d2{g) = x'[2^^^d2{g), 

dsig) = d2{g), where di,di is shorthand for the morphisms F2{(pN,l) P4{f3.Nj), (^"2); ^ 
P4{'P3,N,l) induced by their homonyms and fojv : F2{(pN,l) — > ^i{N) is the map from Lemma 
6.4. 

Let (A,/i, /, g) G GTM (A");. Let us show that {f,SNN'{g)) satisfies the mixed pentagon 
relation. By Lemma 6.4, h^ig) = so the mixed pentagon relation satisfied by {f,g) can be 
rewritten 

d3{g%{g) = d^{f)d2{g)d4{g). (52) 



As in Section 8, one can show that the diagrams Oi,...,„,a„+ii J,9i,...,„,a„+i and a^iX^ |5 



N 



commute. 

Applying 5nn' to (52), and with h := S^N'ig), we get dz{h)dx{h) = do{f)d2{h)d4{h) (the 
di, di are now morphisms (^2); Pa{'P3,n' ,1), F2{ipN',l) — * P4{'fi3,N' ,1)- The restriction of 
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to (Keriyjjv); factors as (Ker (yjjv); Z; Zi{N), and the diagram a^r^'i idi 

commutes; &Ar(g) =0 then implies that bN'{h) = 0. It follows that di{h) = di{h) for i = 1, 2, 3, 
so (/, /i) satisfies the mixed pentagon equation d^QijOxQi) = do{f)d2{h)di{h) . 

Let us show that ([[m]]) <^AfJV'(5)) satisfies the octogon relations. The inclusion {Kn,N)i ^ 
Pn+iifN, I) factors through {Kn,N)i ^ Kn^d{fN,l) ^ Pn+iifN, I), and we have a commuting 

{Kn,N)l ^ {Kn,N')l 



Kn,N 






square ci 




ic 


Kn,d 


H 


Pn+1 



lich gives rise to a commuting square ci ic . 

Kn,d{<PN,l) ^ Pn+lifN'J) 

For g G F2{(pN,l), we write g{x,y) = g, g{x~^y~^,y) = K{g), etc. 
Rewriting the octogon identity as 

9ix,y)~^y~g{x~^y~^,y){x~^y~^)^'xg{x~'^y~^x,x~^yx)'^{x~^yx)~^ g{x,x~^yx) = x^"** 
(equality in F2{(pN, 0) ^^'^ multiplying this equation by its conjugates by x^^, x^~'^, we get 

g{x,y)-^y^g{x-^y-^,y) Ad[{x-^y-^)''xg{x-^y-^x,x-'^yx)][{x-'^yx)^] 
Adlix-^y-^f'x^gix-^y'^x^x-^yx^Mx-^yx^)^]... 
Ad[{x-\j-^)'^'^-^^^'x'^'^g{x-%-^x''-\x^-V^Mx^~'^yx'^'')^] 
{x-'y-'f^g{x-^y-\ y)y^g{x, y) = y-^^. (53) 

Now for t £ {{x~'^y^^Y ,x'^ ,x°'yx~'^} {a G Z), the morphisms Kt : 1^ ^2 
extend to morphisms 'Li{N) ^ ^ K2 j^{lpn,1) and Z/ " ^ K2^{ipjsrJ). For t € 

{x~ y~ ,x,y}, the morphisms K( : Z — *• F2, a ^ t"' extend to morphisms Zi{N') '° ^ 

F2(<^jv,0 and Z; ^ F2(<^jv',0- The diagrams , i\ Is^ 

F2{(PN',1) F2{tpN',l) 

UN) ^2%(VAr,0 
(for a G Z — NZ) and [[-]]i iSd commute. 

Lemma 9.2. The automorphism k of F2 (given by K{g) = g{x~^y~^ ,y)) restricts to an 
automorphism k of K2d C F2; k and k induce automorphisms k G Aut{F2{<^N' ,1)) and 

K G Aut{K2 diVN, I)), and the diagram s^i is^ commutes. 

F2{tfiN',l) F2{ipN',l) 

Proof of Lemma. We have cpdo k = —(fd, which implies that k restricts to an automorphism 
k of Keiipd = K2 d- Since we also have (pN o k = —(pN, ^Pn' ok = —cpN', k and k also induce 
automorphisms of the completions K2d{fN,l) and F2{<Pn',1)- It remains to show that the 

-"■2,d ^ ■"■2,d 

diagram i5di [s^ commutes. It suffices to check this for the generators x'^, x"yx~°' 

F2 — ^ F2 
{ae[0,d-l])ofK%. 



QUASI-REFLECTION ALGEBRAS AND CYCLOTOMIC ASSOCIATORS 35 

We have (5dOK(.x'*) = Sdi{x'^y-^y) = 5d{x-''{x'^-hr^x^-'^)...{xy-^x-^)y-^) = x-^l...ly-^ = 



X 



y = k{x) = ko 6dix'^); Sd o K{y) = Sd{y) = y = k{y) = k o Sd{y); and for a e [l,d- 1], 
Sd o Kix-^yx-") = <5d[(a;-i2/-i)"y(x-iy-i)-"] = Sd[Ad[y{-l)-\..y{-a)-^M-a)]] = 1 = 
k{l) = ko ddix°'yx^"), where y{a) = x^yx'" . □ 

End of proof of Proposition. Identity (53) holds in K2,d{'fiN,l) and may be rewritten 
g-'Ky{^)Kig)Ad[ix-'y-'rg{x-'y-\y)-'x][K,-^yM..Ad[{^^^^ 

Applying dd to this identity and using the above commutation relations, we get (with h := 

i.e., ([[At]],/i) satisfies the octogon relation. 

Let us now show that SMN'ig^g^) = SNN'{g^)SNN'{g2) for = (Xi, fi^, fi, g^) G GTM (A^);, 
such that ^2 G (Z/dZ)^ (where p, is the image of /x G Z/7VZ under Z/iVZ Z/dZ, I ^ I). 
For this, it suffices to show that '^iVJV'(^(A2,M2,s2) (5i)) = {X2,[{iJ-2]],SNN'{g2))i^NN'{gi))- We will 
show that we have commutative diagrams 

F2{^N,l) ^ Kldi^N,l) ^ F2{ipN',l) 

^(A,^,3)i i i^(A,[[Mll,«„jv/(a)) (54) 

F2{ipNj) ^ Kldi^N^l) ^ F2{^N',l) 

for any A G Z;, /x G Zi{N) such that jl G (Z/dZ)^ and (/ G (Ker(^jv)i; as (/i G (Kert/jjv); C 
K2 difNj), this implies the wanted equality. 

liF2{ipN,l) Z/dZisthecompletionoftpd, we have a commutative diagram efxfg)l yHvdh ' 

F2{'fN,l) 

as K^difN^^) = Ker[i^2(<^Ar, Z/dZ], this implies that 6'(A,/i,s) restricts to an automor- 

phism of K2 diVN-,1), i.e., the left square of (54) commutes. 

Let us now show that the right square commutes. As K2 difN ,1) is topologically gener- 
ated by x'^ and the a;"ya;^", a G [0,c? — 1], it suffices to check this commutativity on these 
generators. Recall that 0(^x,^t,g) is defined by a; i-^- g{x,y)x^g{x,y)~^ , y 1— > y^. Set h := 
5NN'{g)- Thene(x,[[u.]],h)°^d(^'^) = ^{\,M],h)(^) = /i(a;,y)a;[Ml/i(a;,y)-\ while ^dO^(;^^^^g)(a;'^) = 
5d{g{x,y)x'^t'g{x,y)-^) = 5d{g{x,y))Sd{x'^'')Sd{g{x,y)~'^) (as x'^^ and g{x,y) both belong to 
Kldi'PN,l)) so Sdoe^x,..g)ix^) = hix,y)xMhix,y)-^ = 9^x,lM,h) o Sd{x^). 

Wehave6'(A,[[^]],/i)0(5d(?y) = 0{x.[[f_c]],h){y) = y^, while 6dO0,^x,t,,g){y) = Sd(y^) = y^; if now a G 
[l,d-l],thene(^x,iM^h)oSd{x''yx-'') = 1 while (5rfO0(;,^^_^)(x"yx-") = (5d[Ad{g(x, y)x"''g(x, y)-i}{y^}] = 
5d[Ad{5(a;,?;)g(a;,a;"^y.T-"^)-i}{(a;"^ya;-"^)^}] = Ad{(5d[.g(a-, ?y),9(x, .T"^ya;~"^)-i]}{(5d[(.T"^ya;""'')^]} 
as g{x,y)g{x,x°'^yx^°'^)^^ G difNj)', now 5d{x°'^^yx^°'^) = 1 as a/i 7^ in Z/dZ, so 
(^d o ^(A,[M],/»)(a;"ya;~") = 1 = ^(A,/:j,g) o ^^(aj^t/a;""). This proves the commutativity of (54), as 
wanted. □ 



9.3. The subgroup GTMD(7V)i c GTM{N)i. Let y := (1,1,1,2/) G GTM fiV)/; this is the 

image oflGZcZxZ/2Z = GTM . The group morphism Z ^ F2, s ^ y'' extends to 
a morphism Z; F2{(fNj), denoted again s h- > y^; for s G Z;, we set y** := (1,1, l,j/*) G 
GTM(A^);. 
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For g = f,g) e GTM (jV),. set xiig) := A G Z,. Then for any g € GTM (A^), and any 

s G Zj, we have y" * g = g * y^'-'^S)^ ^ where * is the product on GTM(iV);. It follows that any 
cocycle p : GTM{N)i Z; (i.e., p{g^ *g^) = p{g^Xi{92) +Pi92)) gives rise to an automorphism 
ap of GTM(Ar),, given by ap{g) :=g*f^l\ i.e., ap{X,n,f,g) = {X, n, f,yP^i) g). 

Lemma 9.3. There is a unique cocycle cjviv' : GTM(-A/'); — > Z;, defined by cnn'{X, p., f,g) := 
c'{SNN'{g)) - c'{ttnn'{9)) = c'{SNN'{g)) - c{g), where c : F2{<fiN,l) and c' : F2{ipN',l) 

Z; are the morphisms induced by x i-^ I, y i-* 0. 

Proof. We will prove that each of the maps {X,p,f,g) c{g),c'{SNN'{g)) is a cocycle. 
If (Ai,/ii,/i,5(i) * (A2,M2,/2,52) = {X,pJ,g), then y^^a) = g{l,y) = 51 (1, 2/^2)5(2(1, y) = 
yXM9i)+ci92)^ SO c{g) = c{g^)x{g^) + c{g^)- 

On the other hand, g{x,y) — gi{g2(x,y)xf^'^ g2{x,y)^^ ,y^^)g2{x,y); the two factors of this 
product belong to Kei{F2{ipN, I) Z^/dlA), and c' o Snn' '■ Ker (^^ ^ Z; is a group morphism, 
so c' oSNN'ig) = c' oSNN'[gi{g2{x,y)x''^g2{x,y)~'^,y^'')]+c' oSNN'{g2), so it remains to show 
that c' o 6NN'[9i{g2{x,y)x''^g2{x,y)~'^,y^'')] = X2{c' o SNN'){gi)- If ffi e {Fd+i)i is defined 
by gi{x,y) = gi{x'^\y,xyx~^ , ...,x'^~^yx^~'^), then gi{l\y,l, = y'''°^NN'(ai) _ Qn the other 
hand, 

51(52(2:, y)x^'g2{x, y)-^) = gMx, y)x''^'g2{x, y)-' , Ad[52(a:, y)x'''g2{x, y)-'x-'''][x'''y^'x-''% 
Ad[g2{x,y)x^^^-g2ix, y)-'x-^^^-][x^^^-y^-x-^''-], ...) 5l(l|y"^ 1, 1) = y^2(-'°W)(9i), 

as x'^ 1, y i^' y and x°'yx~°' K'' 1 for a G — 1] as p.2 S (Z/dZ)^. So c' o 

|Jiv^r'[.9l(.92(•^;,?y)•I;^^'72(a;,y)"^y^2)] = A2 (c' o (J^tat/ ) (51 ) , as wanted. □ 

We denote the resulting automorphism of GTM(A^); byajvjv', Since ttnn'^Snn' ■ GTM{N)i 
GTM{N')i are group morphisms, 

GTMD(iV), := {g G GTM(iV), |ViV'|iV, 6NN'{g) = ttnn' ° aNN'ig)} 

= {(A,M,/,5) e GTM(7V);|V7V'|iV, W(<7) = /(^^^'^^^-^^^^VjviV'l^)} 

is a subgroup of GTM(iV);. 

Proposition 9.4. The morphism GTM GTM(iV); factors through GTM GTMD(iV); 
GTM(iV),. 

GTM 3 Z 

Proof. Recall the cocycle Cat of GTM constructed in Section 9.1, then the diagram J, J, 

GTM(iV), Zi 

commutes. Recall that Cd gives rise to an automorphism 0,4 G Aut(GTM), {X,p,f,g) 1— *■ 

{X, p^ f,y'^'^'^^^ g). We have commutative diagrams 

GTM % GTM GTM GTM ^ GTM 

i i , i \ and i i 

GTM(iV)i "i^' GTM(iV), GTM(Ar); "i^' GTM(iV')i GTM(Ar); GTM(Ar')i 

We have seen (Theorem 8.1) that 6 a = 04 e Aut(GTM); it follows that for any g G Im(GTM 
GTM(iV);), we have 6nn' {g) = ttjvjv o ajviv {g)- □ 

Let Div(A'') be the partial semigroup (for the multiplication) of all the divisors of A''. 
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Proposition 9.5. 1) We have a group w^orphisw, GTMD(iV); — > Honi(Div(A^), Z;) ~ (here 
V is the number of distinct prime powers in the decomposition of N), taking {X^^i,f,g) to 

[d ^ CNN'ig)]- 

2) The group morphisms Snn'jTTnn' '■ GTM(A'^); — > GTM(7V'); restrict to morphisms 
GTMD(iV), ^ GTMD{N')i. 

Proof. Both statements are consequences of the following equalities: if N"\N'\N, then 
Sn'N" ° ^nn' = ^NN", T^N'N" ° T^NN' = T^NN", and if di,d2,did2 € Div(A/'), Ni = N/di 
{i = 1, 2), A^a = N/ {did2), then ttniNs o ^jvati = '^iVsJVa o 7i"ivjV2 • □ 

9.4. The subgroup GTMD(iV, k) C GTM(A^, k). One defines as above morphisms tt at at/, (57VAr' : 
GTM(iV, k) GTM{N', k), a cocyclc cnn' : GTM(iV, k) ^ k and the subgroup GTMD(A/', k) C 
GTM(iV, k). We have as above a group morphism GTMD(7V,k) Hom(Div(iV), k) ~ k''. 
When k = Q;, these morphisms are compatible with the morphisms GTM(A/'); ^ GTM(A'', Q;), 
in particular GTMD(A/'), ^ GTMD(iV,Qi). 

10. Distribution relations and the torsor Psdist(A'', k) 
Recall that N, N' are integers > 1 with 7V'|7V; we set := N/N'. 

10.1. The morphisms ttjvjv' : Pseudo fAT. k) ^ Pseudo (N'. k), GRTM(Ar, k) ^ GRTM(Ar', k). 

10.1.1. The inclusion Kn,N ^ Kn,N'{C Pn+i) may be viewed as associated to Wn,N — > 
Wn^N', {wi, ...,Wn) 1-^ {v;f,...,wf^). This group morphism induces a Lie algebra morphism 
Liei4r„,iv LieKn,N', given by Soi ^ dE'^^, iij{a) ^ (gS[)J*^^(a')*(-gS(,j) for a = N'q+a', 
a' G [0, A/'' — 1] (the primes denote the generators of Lie Kn,N' ) ■ This morphism is not injective, 
e.g., £,ij{a + N') and (Soi/rf) * (o:) * Oi/rf) have the same image. 

The associated graded Lie algebra morphism is t^nn' ■ in,N — Ui,N' given by 

t'^o'^dt'^', {a) ^ t"i {a); 
here ^q*', t'^^{a) are the generators of in,N' and d is the image of a under TLjNTL Ij/N'1, 

10.1.2. The morphisms -KNN' ■ GRTM(7V,k) GRTM(Ar', k). The morphisms Trjviv : in,N 
tn,N' are compatible with the insertion-coproduct maps. Recall that itnn' '■ ^ ^ ^3 jv' 
defined by 

A^dA', b{a) ^ h'{d). 

Then Trjviv' induces a group morphism GRTM(i i)(7V, k) — > GRTM(i_i)(7V', k), by {h,k) ^ 
{h,TTNN'{k)); together with the morphism (Z/7VZ)^ x k^ '=anx ^^/^/^^x ^ k><, this extends 
to a morphism GRTM(Af, k) GRTM(7V',k). In the same way, TTjvjv induces a Lie alge- 
bra morphism grtm^j (iV, k) — > grtm(j ^^(iV', k), graded and compatible with the actions of 
{1/N1Y and (Z/iV'Z)^. It extends to a morphism flttmi (TV, k) 0ttmi(A''', k), commuting 
with the projections firimi(iV", k) k, N" = N, N'. 

10.1.3. The morphisms ttattv' : Pseudo fA^. k) Pseudo(A^', k). There is a imiquc morphism 
Pseudo(A^, k) Pseudo(A^', k), taking (a. A, *) to {d, X,^,TTNN'i'^))- This morphism is 
compatible with the morphism GRTM(A/', k) ^ GRTM(A''', k), and it restricts to a morphism 
of torsors Pseudo(A'', k) Pseudo(A''', k). 

10.2. The morphisms Snn' ■ Pseudo(Ar, k) ^ Pseudo(Ar', k), GRTM(Af,k) -> GRTM(A'',k). 
If a € Z/NZ, we write d\a iff a € dZ/NZ. We then denote by a/d the unique element a' £ Z/N'Z 
such that da' = a. 
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10.2.1. Recall that the morphism S^N' '■ Kn.N ^ Kn^N' may be viewed as induced by the 
morphism Wn,N Wn,N', ('"'i, '"'«) ^ (wi,---,Wn)- It is given by Xq^ ^ Xg^, Xij{a) ^ 
x^j{a/d) if d\a, Xij{a) t-^ 1 if rff a. 

The associated graded morphism of Ijie Snn' 5nn' '■ in,N in.N', given by 

t°o' ^ f^{a) t"^{a/d) if d\a, (a) ^0 ii d]o.. 

10.2.2. The morphisms 6nn' ■ GRTM(Ar,k) GRTM(iV',k). The morphisms Snn' ■ i«,Ar 
in,N' are compatible with the insertion-coproduct morphisms. Recall that 6nn' ■ ^3 n ^ ^3 n' 
is defined by 

A ^ A', b{a) ^ b'{a/d) if d\a, b{a) if d\a. 
One checks that there is a unique group morphism 6mn' '■ GRTM(j 1) (A^, k) GRTM(j 1) (A^', k), 
taking {h,k) to {h,Sj\i\[r{k)). In the same way as above, its extends to a group morphism 
Snn' ■■ GRTM(A^, k) GRTM(7V', k). The Lie algebra versions of these morphisms are 
5nn' ■ Qvtmi{N,'k) gttmi(7V', k) and Snn' ■ S^m^j ^^(iV, k) 5rtm(j i)(A^', k) with the 
same properties as above. 

10.2.3. The morphisms 5nn' '■ Pseudo(A^, k) Pseudo(A''', k). There is a unique morphism 
Pseudo(iV, k) Pseudo(Af, k) taking (a,A, to (a, A, <I>, 5jvjv'(*)), and it shares the 
properties of ttnni : Pseudo(iV, k) Pseudo(A^, k) stated above. 

10.3. The case N' = 1. 

Lemma 10.1. The com,positions o/grtm(j i)(A^, k) ^-^^ grtm(j (1, k) ~ flrti(k) ® k(0, t^^) and 

0rtm(j i)(A^, k) 0rtm(j^i)(l, k) ~ 0tti(k) © k(0,f^^) with projection on the first component 
both coincide with the canonical morphism gttm^j ^^(A'', k) — > grti(k). 

Proof. Denote hy ip i—>- ip the morphism ttjvi • ^3 jv ~* 

defined hy A ^ Nt^'^, b{a) ^ t^^ 
and £0 : t„ the morphism tg' 1— > 0, f(a)*^ = S^fit'^-' ■ Then So{tp) is proportional to t^"^, so 

g 3 1 2 

it is zero if -ip has degree > 1. On the other hand, (40) implies that ip^^'^'^ + tp ' ' + "0 ' ' ' = 

Q1 2 3 1 23 

ip ' ' + Tp ' ' . Applying Eq to this identity, we get ip = ip. The case of S^i is similar. □ 

TTjvi is related to the canonical projection Pseudo(Af, k) Assoc(k), 1-^ $ as follows: 
there exists a map 7 : Pseudo fA^. k) —> k, such that ttni 

(^-) = eT(*)* Explicitly, we have 
7(*) = A^7a(*) + Eaez/jvz7a(*), where 7a(«'), 7a(*) are the coefficients of A, b{a) in 
In the same way, if we set := 7^(4') + 7o(*), then (5Ari(*) = e^'^*'"*. 

10.4. The scheme Psdist (A', k) and the groups GTMD(Af,k) and GRTMD(A^,k). 

10.4.1. The scheme Psdist (Ar, k). Define Psdist (A', k) c Pseudo(A',k) as the subset of all 
(a. A, *) such that 

VN'\N, 7rjvjv'(*) =e^«'''(*)*WW(*). 
Here pnn'{^) = p(7rjvjv'(*)) - where is the coefficient of 6(0) in § e exp(t§ j^,,) 

{N" = N,N'). 

Lemma 10.2. For any (a, A, ^P, ^P) e Psdist ( A^ , k) , the map Div(A^) 9 d pN,N/d{^) 
Hom(Div(7V), k); this defines a map Psdist(A', k) Hom(Div(7V), k). 

Proof. This again follows from the identities ttn'N" ° t^nn' = t^nn", Sn'N" ° 5nn' = Snn" 
and if di,d2, ds :— did2 G Div(A^), A^i = N/di, then -kn-^n^ ° SnNi = SN2N3 o TTjviVa (morphisms 
between Lie algebras ^ instead of groups (if2,i/)/)- D 

We will define Psdist(iV,k) := Psdist (A^, k) n Pseudo(Af, k), so this is the subset of 
Psdist fAT.k) defined by (a. A) G (Z/AfZ)^ x k^. 
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10.4.2. The group GRTMD(7V,k). We have morphisms ttnn'Jnn' ■ GRTM(i i) (A^, k) 
GRTM(j ]^)(A^', k), given by {h,k) i-^ {h,TTNN'{k)) and {h,k) i-^ {h,dNN'{kj). We also have 
UNN' e Aut(GRTM(i,i)(Af,k)), defined by aNN'{h,k) := (/i, e^«"' Wfc). 

We then set 

GRTMD(i_i)(iV,k) := {{h,k) e GRTM(i_i)(iV,k)|VAr'|Ar,7rjvjv'(/i,fc) = Snn' o aNN'{h,k)} 

= {{h,k) e GRTM(i,i)(Ar,k)|7r;viV'(fc) = e^^^'C^)''^") 

Then GRTMD(j (TV, k) is a subgroup of GRTM|-j i)(A^, k), which is preserved by the action 
of {Z/NZY X k><. Set GRTMD(Af,k) := GRTMD(i,i)(Af, k) xi ((Z/A^Z)^ x k><). 

Lemma 10.3. If {h,k) G GRTMD(i^i) (A^, k), then Div(Af) 3 d ^ PN,N/d{k) belongs to 
Honi(Div(Af),k) ~ li" . This defines a group morphism GRTMD(i i)(Af, k) k''. 

Proof. The proof is the same as above; the group morphism property is checked directly. 

□ 

This group morphism is compatible with the projection {I/NIj)^ x k^ ^ k^ and the scaling 
action of k^ on . We thus get a group morphism GRTMD(Af, k) ^ (Z/A^Z)^ x (k'' x k^). 

Denote by 0rtmc)(i i)(Af,k) C 0rtmc)i(Af, k) the Lie algebras of GRTMD(i_i)(Ar,k) C GRTMD(A',k). 
Let flrtmj(A^, k) = k©0rtm(j ^)(A^, k)i©0rtm(j ^)(A^, k)2©- ■ • be the decomposition of 0rtmj(A^, k) 
in homogeneous components. Then the decomposition of grtmOj (A'', k) is k® gttmO(j_i) (A'', k)i © 
flrtm5(j_i)(A'',k)2 © • • • , where 

£irtmJ)(i_i)(Ar,k)i = {x& £irtm(i_i)(Ar,k)i|VAr'|Ar, {-knn' - 5nn'){x) = pNN'{x)b{0)} 

and for n > 1, 

£irtmt)(j_i)(A'',k)„ = {x e 0rtm(i_i)(Ar,k)„|VA'''|A'',7rjvjv'(a;) = ^jvjv'(a;)}. 

The element 1 e k is such that [1,^'] = of degree n, and grlmS^j ^^(A^, k) is the 

sum of homogeneous components of flrtmj(A'', k) of degree > 0. The action of (Z/A^Z)^ on 
flrim(j 1) (Af, k) restricts to a degree-preserving action on grtmO^j ^^(A^, k). The Lie algebra 
morphism 0ttm5(j ^^(Af, k) — > k" is the direct sum of 0rtmO(j_i) (Af, k)i — > k"^, x [d 
PN,N/d{x)], and zero on the other components; this morphism is invariant under the action of 
(Z/A^Z)^. 

10.4.3. Torsor structure of Psdist{N,'k). We have commutative diagrams 

GTM(Ar, k) x Pseudo(Af, k) x GRTM(Af, k) ^ Pseudo(Af, k) 

, , , r X J- i'^NN' (resp., d^jv') 

(resp., <5jvjv/X(5jviv'X<5jvjv/) 

GTM(Ar', k) x Pseudo(Af', k) x GRTM(Ar', k) ^ Pseudo(Ar', k) 

and 

GTM(Ar, k) X Pseudo fAT. k) x GRTM(Af, k) ^ Pseudo fAT. k) 

GTM(A^, k) X PseudiV. k) x GRTM(Af, k) ^ Pseudo? A^. k) 

which implies that the action of GRTM(A'^, k) on Pseudo fA^^, k) restricts to an action of 
GRTMD(A^, k) on Psdist ( A^, k) . One checks that that Psdist(Af,k) is a torsor under the ac- 
tions of GTMD(Af, k) and GRTMD(iV, k). The right action of GRTMD(iV, k) on Psdist fiV. k) 
maps to the right action of (Z/ATZ)^ x (k'^ x k^) on (Z/NZ) x (k'' x k). 
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10.5. Distributivity of ^'kz- Let us denote by ^'^2 element of PseudO(_j 27ri)(-^> *C) 
constructed in Section 2.2. 

Lemma 10.4. The morphism ttnn' '■ PseudO(_j 27ri) PseudO(_j_27ri)(-^') takes 

{^KZ,Kz) io($KZ,e'°sWKo),i,^^). Moreover SNN'i'^^z) = Kz, so ($kz, ^j^z) e Psdist(_i,2,i)(iV,C); 
its image in Hom(Div(A''), C) is the restriction of log to Diy{N). 

Proof. Let H{z) be a solution of 

dH A J^' b{a) 

where Cjv is a primitive A^tli root of 1. Let H{z) be the image of H{z) by ttjvjv- Then it follows 
from the identity Y.t=o '^li^ - Cd) = dz'^-^jiz'^ - 1) that K{w) := B(w^l'^) satisfies 

dK ,A' h'{a') , 

— = ( 1- > — —h-)K(w) 

a'=0 -"^ 

(we set Cd '■= Cn\ Cn' '■= Cat)- The renormalized holonomy of K{'w) is ^'kzj hence the renor- 
malized holonomy of H{z) is e'°s('')^('')^']^2 (taking into account the change of variables). On 
the other hand, this is the image of by t^nn'- D 

10.6. Surjectivity of Psdist(7V, k) (Z/iVZ)^ x(k''xk^). One can use the torsor structure 
of Psdist (iV, k) and its nonemptincss for k = C to prove that Psdist (iV, k) (Z/ iVZ) ^ x k ^ is 
surjective. We will see in Theorem 11.6 that the morphism 0rtmJ)(j_i)(iV, k) k'' is surjective, 
which implies: 

Proposition 10.5. The map Psdist(iV, k) {'L/N'LY x (k" x k^) is surjective. 

11. Generators of firtm5(j ^^(A'', C) 

11.1. The clement (A = -1./ = 1) of GT takes a QTQBA (yl, m^, Aa, i?, to A' := 
(A,mA, Aa,(-Ra the element (A = -1, / = g = 1) of GTM takes the QRA {B,mB,AB,E,^/B) 

over A to the QRA B' := {B, mn, As, over A'. 

It follows that there is a unique map Assoc ^ (k) — ^ Assoc _^(k) taking <I> to itself, and a 
unique morphism Psdist ^^ (N, k) Psdist ^ a)^-^' taking ($, to itself Composing 
the first map with the action of — 1 e k^ c GRT(k), we get a permutation of Assoc yfk), 
taking _B) to $(— ^4, — Composing the second map with the action of (—1,-1) G 
(Z/iVZ)^ X k^ C GRTMD(7V,k), we get a permutation of Psdist ^^ ,)(jV. k), taking 

($([/, y),*(.4|6(0).... ,h{N-l))) to ($(-t/,-V^),*(-A| -fe(0),... ,-6(1- A^))). 
In particular, there is a unique element (^kzj/ikz) € GRTMD(j_i)(A'', C), such that 

($Kz(-f/, -V), *KZ(-A| - 6(0), . . . , -6(1 - N))) = ($KZ, *KZ) * (5KZ, hKz). 

Let Log : GRTi(C) 0rti(C) be the logarithmic map. Set (p := Log(gKz)- According to 
[Dr2], for n odd > 3, the degree n component of is a generator of 0rti(C) (i.e., its class in 
0rti(C)/[0rti(C),0rti(C)] is nonzero). 

Set (</','0) := Log((7KZ, ^Kz), so G grtmO^j (iV, C). When n is odd > 3, the degree n 

component {'fin,i'n) of {(p,tp) is a generator of grtmO^j ^^(A^, C), and is a preimage of (pn- So 
the image of grtm5(j^) {N, C) 0tti(C) contains the subalgebra generated by the (fin- 
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11.2. To obtain more information of ((pmipn) £ OrtmOj-]; ]^)(A^, C), we study the expansion of 
log(\l/Kz)- When A and the &[C],C ^ A*Af(C) commute, the renormahzed holonomy of (64) is 
equal to 

exp( - 1)MC])- 

CeMJv(C),C7^i 

Let fjv+i := }{A,b[C,],C ^ A<Jv(C)). Then Log(*Kz) G fw+i, and its image in fAr+i/[fAr+i, f^+i] 
is J2(eiJ.N(C) c^i^'^s{C~^ ~ 1)^[C]- It follows that Log(^'Kz) G f]v+i') where the latter space is 
the topological sum of all finely homogeneous components of fjv+i, except CA and Cb[l] (we 
define a fine degree in NfiN = N(/x„(C) U {0}) by deg(A) = 0, deg(6[C]) = C; see Appendix A). 

By Lazard elimination (see [Re]), q := f^'^'i' is freely generated by the Uk,i {k,l > 1) and 
the Vk,i,c (fc, Z > 0, C e Hn{C), C 1), where 

Uk,i = ad(A)'=-iad(6[l])'-i([A6[l]]), Vk,ix = ad(A)'=ad(6[l])'(6[C]). 

Let V{z) := (1 - x)-'>^^h-^H{z), where H{z) is defined by (64). Then 

A^(.) = ((l-.)-Mil^-^( Y: ^)z^{l-zf'^-^^)V{z). 
Therefore the image of log(^'Kz) in q*'' := ^/[q, q] is 

E 5^/Viog.)'(-iog(i-.))-'jiijF,,+ 5:j;^\-b^ 

rCjfc-^-L Kit '^yJ 

{x >-^x is the projection q — > q'^''). 

11.3. The infinitesimal action of gttmO^j ^^(-A/', k) on Psdist (A^. k) is given by 

^(^,^)($, *) = ($<^ + £»^($), + :Dv,(*)), (55) 

where D^,D^ are given by (44) and (45). 

Define a bracket on f2 © fw+i by formulas (41), (42) and (43); this is a Lie bracket. Then 
flrtmt)i(iV, k) C f2 © fjv+i is an inclusion of Lie algebras. As in [Dr2], let p := f^'^ C f2 be the 
topological sum of all homogeneous components of degree > 1. 

If a > 1, denote by flttm^j ^^(A'', k)^ the degree a part of gttm^j i)(A/', k). Set 

0ttmO(i^i)(Af,k)+ := flrtm5(i,i)(Ar,k)i n ( C(0,6(a))), 

aeZ/JVZ,a#0 

and 

nvlniO . {N, k)+ := flrtmc)(i_i) {N, k)+ © (0^^^grtmc)(i,i) (A^, k)„) . 

Then grtmOj-i i) (A^, k) = 0rtm()(j i)(A^, k)+ ©k(0,6(0)); the first summand is a Lie subalgebra 
and the second summand is central. 

Lemma 11.1. The linear map jw+i <?> fjv+i — *■ fA^+i, f/'i <8) ^"2 D^^{tp2), restricts to a linear 
map q q ^ q. The latter map induces a map q'^^ q"**^ q^^. 

Proof. Set qi := (Bae2/NZM^o^b{a), then q = © (ffia>2(fAf+i)a). If ipi and V-'2 are 
homogeneous in fjv+i, then deg{D^^{ipi)) = deg(V'i) +deg('!/'2) > 2, hence D^^ (V'2) £ q- If now 
V-i = [tpW], where e q, then ^^^(^'2) = 0^i(V''),<] + [tp' ,D^,{^")] e [q,q]. Hence 

q (g) [q, q] maps to [q, q]. 

Let us now show that [q, q] 18) q maps to [q, q]. For this, we will show that if tp € [q, q] and 
ip G fjv+1, then Djp{il)') G [q, q]. It suffices to show this when tp' = A ov tjj' = b{a), a G Z/NZ. 



,i,C 
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We have D^(b(Q)) = 0. [q,q] is an ideal in fAr+i, hence D.^{A) = [tjj.A] G [c|,c|]. For the same 
reason, D^{b{a)) £ [q, q]. Hence it remains to show that [^p{A\b{a), . . . , b{a + N — 1)), 6(a)] S 
[q,q] when a 7^ 0. This follows from the facts that b{a) G q, tp has degree > 2, and for any 
d>2, the degree d part of q is stable under the automorphism A\-^ A, 6(a) 1— > b{a + a). □ 

Lemma 11.2. Let us denote by V'l (8 V'2 D^^{ip2) the above map q*^^ q**^ — > q**^. We have 
Djj^^iUk'v) = Uk+k',i+i', Djj^^(yk',i',c) = Vk+k' ,i+i',c, 

Dv,,jUk'v) = Vk+k',i+i'x, Dy^,JVk',i'X') = 

ifik,l,C) + (0,0, C"^), andDy^^^^^^k',vx--)^yw,v+ix--. 

In the same way, the map p'^^ ^p'^^ p'^^, which we denote by ipi®^p2^ D^^{ip2) is given 
by _ _ 

D^^^{Ak'i') = Ak+k',i+v, 
where Aki = ad(A)'^~^ ad(S)'~^([A, B]), k,l>l are the free generators ofp, and Aki are their 

ah 

images m p . 

Let us set '^kz '■= '^kz{—A\ — 6(0), . . . , —6(1 — A'')). Recall that ip is uniquely determined 
by ^'kz = *KZ * Exp(V'). Set *(i) := ^kz * Exp(fV'). Then Log^'(t) e q; we decompose its 
image in q^'^ as follows 

[iog*(t)] = J2 MtWki + dk,iAWk,ix- 

k,l>l ceA»N(C),C#i's,;>o 
We also decompose the image of ip in q'''' as 

bP] = Y ^kiUki + Y Y '^k,ixVk,i,(- 

k,i>i cenN{C)X¥'ik,i>o 

Then iPofix = " log(C " 1)(C"^ " 1) when C 7^ 1, and ^0,0,1 = 0. 

We will set ip{u,v) = J2k,i>i'-Pkiu''v'' , iI}q{u,v) = J2k,i>o'^k,ix''^'''"^ ^ a-nd define c{u,v) and 
di;{u,v) similarly. According to (55), we have "i'it) = '^{t)tp + D^{'^{t)), which according to 
Lemma 11.2 implies 

d 

Q^c{u, V, t) = (p{u, v) (c(u, V, t) + l), 

d 

—dt^{u,v,t) ipt:;{u,v){l + c{u,v,t)) + {(p{u,v) - 'tpo^o^i^-iy)d(;{u,v,t). 
According to [Dr2], we have 

r(i - w)r(i - 1;) (^.CW 

n>2 

c{u, V, 1) = c(— fi, —V, 0), and since 1 + c{u, v, t) = {1 + c{u, v, 0))e*'^^"'^\ we get 



/ r(i - -«)r(l — 1>) ,sr^ CM , „ „ , 

1 + c{u, V, 0) = s = exp(^ ^(m" + v^-{u + vr)), 



m + u) Tjl + v) T(l + u + v) 

^{U, V) = log + log - log 

= _2 J2 — (w" + t;"-(M + v)"). 

n odd >3 



On the other hand, we have 



dz 

ddu,v,0)= / z-^l-z)-^ 

Jo z — c 
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and d^{u, v, 1) = — rf^-i (— w, —v, 0). Since 

d^iu, V, t)e-*('^("''')-*o.o,<-i'') = (u, V, 0) + v)(l + c{u, v, 0)) — — , 

we get 

= a^(u, t;) + Q!^-i(-u, -t;), 

where 

_ .iog((i-C)(i-C-^)) r(i-.-.) ^1 ,-.(1^,)-. 

11.4. Recall that q^'' is spanned by the Vk,i.C7 k,l > 0, ( <E /i7v(C), C 7^ 1- Let us denote by 
qfi^Q the span of aU Vk,ix where Z > 0; we denote the quotient q''''/qf>o ^"7 '^i=o- 

Lemma 11.3. The image of the sequence of maps 

[grtmc)(i_i)(iV,k),0rtmc)(i,i)(iV,k)] c 0rtm£)(i,i)(Af, k)+ c q ^ q*^*^ 

is contained in qf>g, so we have a map 

0rtmc)(i,i)(iV,k) + /[0rtmc)(i,i)(Ar,k),flrtm^(i^i)(iV,k)] ^ q^o- 

Proof. Let us denote by qi>o the part of q of positive relative degree w.r.t. 6(0). Then 
[q, q] + qi>o is an ideal of q (for the bracket [— , — ]). We will show that 

(q,q) C [q,q] + q!>o. (56) 

We will use the formula 

where d'^ is the derivation such that d'^{A) — 0, D'^{b{a)) = —[(,:; (v4| 6(a), . . . , 6(a + N — 
l)),6(a)]. 

li e q has degree > 2 and a e Z/NZ, then D^{b{a)) G [q.q] + q;>o. Therefore, if ?/>' G q 
is arbitrary, then D'^{ip') € [q, q] + qoo- If V' and tp' G q both have degree > 2, we then get 
(V',V') e [q,q] + qi>o- _ 

Let again ^ G q be of degree > 2 and a e Z/iVZ - {0}. If a' G Z/iVZ, then £)^(„)(6(a')) G 

[q, q] + qi>o. Therefore if t/i G q, we have D^^-jiip) G [q, q] + q;>o. Since D^{b{a)) G [q, q], and 
[6(a), V'] G [q,q], weget {b{a),il;) G [q,q]+qi>o- This implies that (6(a) + 6(-a), V') G [q,q]+q(>o- 

Finally, if a, o' ^ and a+o' ^ 0, we have (6(a), 6(a')) = [b{a+a'), 6(a')-6(a)]-[6(a), 6(a')] G 
[q, q], which implies that (6(a) + 6(-a), 6(a') + 6(— a')) G [q, q]. 

This proves (56) and therefore the lemma. □ 

11.5. Generators of flttmO^i i)(A'', C)+. We will set 

flrtmJ)(i,i)(7V, k)+'-b := gxtmV^i^,){N, k)+/[firtmI)(i,i)(7V, k),gxtmV^i^,){N, k)] 

and denote by flrtm5(j i)(A'', k)+''^^ the degree n part of this space. 

We have a linear map 0rtm5(i i)(A'', k)+''^'' p""^ ® qfi?p. The degree n part of p""^ © qf^^ is 
spanned by the {Aki,0), where k,l > 1, k + l = n, and the (0, V„_i,o,f), C G /ijv(C), C 1- The 
image of ((/?„, V'n) in P^^ © qf=o equal to 

(0, Yl -21og|l-C|Fo,o,c) (57) 
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if n = 1, and to 




where Z{n,C) = Efe>i C"/^" (so Z{nX) = Lin(C)) for n > 2. The images of Vn) in qf=o 
can be written uniformly in n since Z(l, z) = — log(l — z). 

Recall that (Z/7VZ)^ acts on 0rtm()(j i)(7V, C). If fe e (Z/iVZ)^, then the vectors obtained 
from (57), (58) by replacing by in log|l — CI a^nd Z(n, C^^), also belong to the image of 

0rtmc)(i^i)(iV,C)+''^'' ^ p^'' © qf^^. 

Let C/iAr(C) be the complex vector space with basis where Q G jijsii'C). Set for n > 2 

y„:=Spanc{ ^ ((-l)"+iZ(n, C'^) + ^(n, C'^)) [C], ^ e (Z/TVZ)^ } c C/Xiv(C) 

and 

:= Spanc{ -21og|l - C'=|[C], k € (Z/TVZ)^} c CMiv(C). 

CeMiv(C),c#i 

Then for any n > 1, chgrtm^j ^^(iV, C)+'^'' > ch(y„), where ch means the character as 
(Z/A^Z)^ -module. 

Computing ch(V^) means decomposing this space in isotypic components under the action 
of {Z/NZY. We first decompose C/iAr(C). 

Let X '■ (Z/A^Z)^ ^ be a character. The set := {d\d divides N and x factors through 
(Z/NZ)^ — > (Z/dZ)^} is closed under the operation of taking greatest common divisors. The 
smallest element in is called the conductor of x- The resulting character x' '■ (^//x^)^ ~^ 
has conductor 1. 

Let us denote by Prim^ the set of primitive rfth roots of 1 in C. Then Prim^ is a torsor under 
the action of (Z/dZ)^. It follows that 

CPrimd= (CPrimd)>^, 

X character of (Z/c?Z)^ 

and each summand is 1-dimensional, spanned by J2ae('2./dz)>< x('^)~^[Cd]- therefore obtain 

Cmjv(C)= Ciin{C)^, (59) 

X character of (Z/ATZ) x 

where 

Ci^n{C)^= (CPrimd)>^'°"-•^ 

d such that fy^\d\N 

x' is the character of (Z/f^Z)^ obtained from x and n^^d, '■ (Z/dZ)^ — »• (Z/f^Z)^ is the natural 
projection. 

Since Vn is (Z/iVZ)^ -invariant, it is graded w.r.t. the decomposition (59). Let us compute 
its graded components. 

The isotypic component corresponding to the character x is spanned by 

<:e^lN{C) fee(z/Arz)x 

= (x(-i) + (-i)"+^) J2 ( E x(Wn,C'=))[C]; 

Cem(C) ke(i./Ni.)x 
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here we adopt the convention that Z{1, () — — log(l — () ii ( ^ 1 and Z{1, 1) = 0. A character 
is called even (resp., odd) if x(— 1) = 1 (resp., —1), so odd (resp., even) characters do not 
contribute if n is odd (resp., even). 

Proposition 11.4. If n and x have opposite parity, then v-^ ^ 0. 
Proof. Assume that n > 1. The coefficient of [Cat] is equal to 

2(-i)"+i J2 X(fc)^(n,d) = 2(-l)"+i5]i^( ^ xikK^N"")- (60) 

fce(Z/ArZ)x a>l fee(Z/JVZ)x 

Lemma 11.5. X]fce(z/AfZ)x xik)C^ vanishes if [N/ f^^) \a, or if a = [N/ f-^)a' , where a' is an 
integer such that {a',f-^) ^1. If a = {N/f^)a' where a' is an integer such that {a',fy) = 1, 
then 

E X(fc)d" = {N/f^)T{x)x-\[a% 

where \a'\ is the class of a' in (Z//^Z)^, and t(x) is the Gauss sumT{x) = X];g(z//^z)x x(OC/- 
Proof of Lemma. We have 

/cG(z/JVZ)x ie[aj^-i],{i,f^)=i 

so the l.h.s. is zero if f f^a, and is equal to {N/ f^) Xl(e[o,/x-i],(i,/x)=i x(OC]v otherwise. 
Let us place ourselves in the last situation, and let a = {N/f-^)a'. We must compute 

E;G[o,/,-i],((,/x)=i^(')d^^^''^"' = S;g(z//,z)x X(0C/^'- When (a',/^) = 1, the change of 
variables I' :— a'l and the multiplicativity of x yield the result. If {a' , f^) 1, let /' be the 
order of Q ; /' divides strictly fy^. The last sum is rewritten as follows 

E E xm 

i'e(z//'z)x (G(z//^z)x,z=j'(/^) 
Since the restriction of x to the kernel of (Z/f^Z)^ — > (Z//'Z)^ is nontrivial, we get 

E x(o = o, 

ie(z//^z)x,;=i(/^) 

and since {I G (Z//^Z)^ , I = I' [fx)} is acoset space under this kernel, "Ylii^i^jf z)x i=v{i ) x(0 = 
0. SoE/e[o,/,-i],(;,/,)=iX(/)d™"''=0. ' " □ 

Now (60) is equal to 2(— A'//;^)^~"T(x)i(?^, X~^)) where L{s,x) is the Dirichlet i-function 

Sfc>i,('=./x)=i x^^y^^- 

The Euler expansion of L{s,x) implies that when n > 1, Z/(n, x) 7^ for any x- According 
to [W], Lemma 4.8, the Gauss sum t(x) is also nonzero. It follows that ^ 0. 

Let us assume now that n = 1 and x is even. The coefficient of in is equal to 
~2 Efeg(z/Arz)x x(^)log |1 — C*^!- Assume that x is nontrivial. If C = C/^' then this coefficient 
is equal to 

-^Hfl E xW.og|i-<fj. 

^^•^''^'^ fce(z//;(Z)x 

where is the Euler function. According to [W], Theorem 4.9, this is equal to 2 ^ t(x~^) ^('*'' X^^) 
(which can be rewritten 2^^^T(x)i(l, X~^) according to [W], Lemma 4.8), and according to 
[W], Corollary 4.4, i(l, x~^) 7^ if x 7^ 1, hence is nonzero. 



46 BENJAMIN ENRIQUEZ 

Assume now that n = 1 and x = 1- Let p be a prime divisor of N. The coefficient of [Cp] in 
vi is equal to 

^^^'^ fee(z/pz)x ^'^^^ 
hence vi is also 7^ 0. □ 

So 



Theorem 11.6. ie< N >2 and v he the number of distinct prime factors of N . Then: 

. flrtmt)(i,i)(7V,C) + ''^'' = + Ex even eharaeter of (Z/ATZ) x [x] «5 (Z/iVZ) >< -mod^tes. Tfte 

map grtm(j i)(Af, C)]^ Hom(Div(iV), C) is surjective; it is a bijection when restricted to the 
(Z/7VZ) ^ -invariant pari of the source of this map. 

• Ifn>3is odd, then 0ttmO(i,i)(7V, C)+>-b > ^^^^ character^ «^ {Z/NZr -modules. 

of (Z/NZ)^ 

• ifn>2is even, then grtm5(i_i) (TV, > E^ character^ (Z/7VZ) ^ -modw/es. 

of (Z/AZ)^ 

/n paHicular, set d{n) := dimQgttmO(i ^^(A/', Q)+''^'^, Z)(f) = En>i d{n)t'^ . Then: 

• If N = 2, D{t)>tl(l-t^); 
.zfN>3, D{t)>^^^ + {v-l)t. 

Note that coincides with f{t) from [DG], proof of Cor. 5.25. 

Proof. Proposition 11.4 implies the two last statements. Let us compute the character of 
flrtm5(i i)(A/', C)^'*''. Recall that flrtmS^j i)(A/', Q)^'^*^ is the space of pairs 



^ x{a)b{a),p) 



where p e Q'' = Hom(Div(A), Q) and x{a) G Q, such that: 

a) x(0) = 0, 

b) for any a € Z/AZ, x{a) = x{—a), and 

c) if AT = dN', then for any a' e Z/A'Z - {0}, we have x{da') = ^i"-' + ^^')^ and 

d) if A = dN', then Efe^o 2;(A:A') = p{d). 

As in Lemma 10.2, one shows that if (a;(a))jjgz/Arz satisfies a), b), c), then d 1— > p[d) defined 



by d) automatically belongs to Hom(Div(A), Q). So grtm^jj i)(A, Q)^''**' identifies with the 
space of (a;(o))(jgz/Arz satisfying a), b), c). According to [W], Theorem 12.18, we get 



dimQ0rtm5(i^i)(A,Q)+'^^ = + v-l. (61) 

,ab 



2 



The multiplicity of an odd x in flrtmJ)(j j-|(A, C)^ is 0, and the multiplicity of an even 
X 7^ 1 is > 1. 

Let us compute the multiplicity of the trivial character X = 1, i.e., dimQ(0rtmc)|-j i)(A,Q)^'^'^ 
We have a morphism (grtm^^j (A, Q)^''''^)* R, taking x{a) to log |1 — CXf |- The image of the 
invariant part of (0rtmJ)(j ( A, Q)]^'^'')* is the Q-linear span of all f{C,) = E/ce(z/Afz)x log |1 ~ 



C^l, where ^ e /Ujv(C). Now either the order of C is a prime power dividing A, and 
/(C) = ^^Hj log(p); or the order of C is not a prime power, and /(C) = 0. Hence the invariant 
part of (grtmO^j 1) (A, (Q)j^''^'')* maps surjectively to SpanQ{log(]3), p prime dividing A}. By 
uniqueness of the prime powers decomposition, the log(p) form a free family over Q, hence 
dimQSpanQ{log(p), p prime dividing A} = zv. So dimQ(flttm£)(i_i)(A, Q)+''''')(^/-^^)'' >v. 



QUASI-REFLECTION ALGEBRAS AND CYCLOTOMIC ASSOCIATORS 



47 



Let us now show that (flrtm5(i.i)(iV,Q)+''''')(^/^^)'' Hom(Div(iV), Q) is bijective. Ac- 
cording to what we have seen, it suffices to show that the composed map Hom(Div(-/V), Q)* 
(0rtmJ)(j i)(A'', Q)^)* — > SpanQ{log(p), p prime dividing A''} is bijective. The first map takes p 
to the hnear map (X]a ^'{(i')b{a), p) i— > p{p), which can be identified in view of d) with the Unear 
map X^a •^('^)^(^) ^ Sfc=o 2;(fcA^/p). The image of this element by the second map is then 
l^fc=o I'^S |1 ~ Cat^'^^I = log(p)- So the composed map is Hom(Div(iV), Q)* SpanQ{log(p), p 
prime; dividing N}, p i— > log(p), which is bijective, as wanted. 

Comparing (6f ) with the lower bounds obtained for the multiplicities, we obtained the wanted 
formula for the character of 0rtm()(j (A^, C)]*"'^ . □ 

12. firtm(j i)(A', k), firtm5(j i)(A', k) and special derivations 

In this section, wc relate gttm(j (A^, k) and grtmS^j (A^, k) with analogues of Ihara's alge- 
bra and Drinfcld's Hamiltonian interpretation (see [Dr2], Section 6). 

Recall that fw+i = f(^, b{a), a S Z/A^Z) and C is given hy A + C + Y^a^z/NZ b{^) = 0- 
The dihedral group Dn := (Z/NZ) x (Z/2Z) acts on f.y+i as follows: 

• the element a' € Z/NZ acts by the automorphism 6a' A\-y A, b{a) h{a + a'); 

• the element 1 S Z/2Z acts by the involutive automorphism 9 : A'l-^ C, h{a) ^ h{—a). 

As in [Ihl, Dr2], let us say that derivation d of fAr+i is special iff there exist Ra, Re, Ra € 
fjv+i, such that d{A) = [Ra,A], d{C) = [RcC], d{h{a)) = [Ra,b{a)\. The special derivations 
form a Lie algebra SDer(fAr+i). The inner derivations of fAr+i form a Lie ideal Inn(fAr_|_i) C 
SDer(fjv+i). The group acts by automorphisms of SDer(fjv+i) and preserves Inn(fjv+i); so 
does (Z/iVZ)x. 

Let us denote by Ih(A', k) the set of V' S ta at = fw+i) satisfying relations (38), (39) (but 
not necessarily (40)). This is a Lie algebra when equipped with the bracket (43), (45). The 
elements A, 6(0) are central in Ih(A^, k); Ih(A^, k) is graded, wc set Ih+(Af,k)i := Ih+(A^, k) n 
Spank(6(a),a ^ 0), Ih+(iV,k) Ih+(iV, k)i © Ih(Af, k)2 ® So Ih(Af, k) := Ih+(iV,k) © 
(kA ® k6(0)), where the first summand in a subalgebra and the second summand is central. 

Proposition 12.1. We have an isomorphism of graded Lie algebras with {Z/NZ)^ -action 

Ih+(Ar,k) ~ (SDer(fAr+i)/Inn(fAf+i))''", 

taking tp to the class of the special derivation d^p : A i-^ [■tl){A\b{Q), . . . , 6(A''— 1))— ■^(C|6(0), . . . , 6(1— 

N)),A], b{a)^mA\b{a),... ,bia + N-l)),b{a)]. 

Proof. SDcr(fAr_|_i)/ Inn(fAr+i) identifies with the quotient {special derivations d such that 
Rc = 0}/kad(C). The statement is carried out directly in degree 1. If now d is such a 
special derivation of degree > 1 (meaning that RA,Ra have degree d > 1), then its class is 
(Z/A''Z)-invariant iff Ra is (Z/A^Z)-invariant and Ra = OaiRo)- So Rq,Ra are such that 

[Ra,A]+ [^a(i?o),6(a)] =0 (62) 

aGZ/TVZ 

and d is given by ^ i-^ [i?^, A], 6(a) ^ [Oa{Ro),b{a)]. Now the special derivation representing 
6*0 50 61-1 is A [-0{Ra),A], 6(a) ^ [e9^a{Ra) - 9{RA),b{a)]. Wc have d = OodoQ-'^, 
hence Ra + 9{Ra) = 0; and Ra = 9-a{Ro) - 99a{Ro) ^ 6'_„(id -6l)(i?o) for any a. Hence 
Ra = (id — 6')(i?o)j so d = Or^; and Ra is (Z/A^Z)-invariant, which means that Rq satisfies 
(38); finally, (62) implies that i?o satisfies (39). Hence we have an isomorphism of graded 
vector spaces. The proof that it is a Lie morphism is as in [Dr2]. □ 

The Hamiltonian interpretation of Ih(k) from [Dr2] can be generalized as follows. We first 
recall some notation. Let .F(fjv+i) be the quotient of f^^^^ by the subspace generated by the 
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elements x ® y — y ® x, [x,y] ® z — x ® [y, z], x, y,z G fN+i- As in [Dr2], any / e JF(fjv+i) 
yields a universal function fg : (g*)^"*"^ k, where g is a finite dimensional Lie algebra with 
nondegenerate invariant scalar product. Using the Kostant-Kirillov Poisson bracket on (fl*)", 
this interpretation allows to define a Lie bracket on ^(fjv+i). 

Proposition 12.2. 1) J^(fw+i)^" C J^ijN+i) is a Lie subalgebra. 

2) There is an isomorphism of graded Lie algebras with (Z/A^Z)^ -action \h.(^N , k) ~ J^(^m-\-i)^'^ 

Proof. Similar to [Dr2]; the map tp t—^ f is given by the formulas 

the fact that / is DAr-invariant follows from the properties of tp and the identities {d/dA)o9i = 
eio{d/dA), {d/db{a))oei = eio{d/db{a-l)), and {O/dA) oO = -9 o (d/dA), {d/db{a))oe = 

9o{d/db{-a)). □ 

In particular, the element 6(0) € Ih(iV, k) corresponds to ^J2aei-/NziK^)'^(^))^ ^ 
corresponds to —{A, C). 

We also define a Lie algebra Ihdist(A'', k) by forgetting the pentagon conditions in the defi- 
nition of grtm()(j i)(M, k). 

If N\N' , we have Lie algebra morphisms itnn',^nn' '■ ^{^n+i)^^' —> -^(fAf'+i)^"' j respec- 
tively obtained by replacing 6(a) by b'{a mod N') in a given expression, or by replacing it by 
b'{a/d) if d\a, and by otherwise. 

Then we define a Lie algebra T{N, k) c ^'^(fAr+i)^" x k'' as the set of pairs (/, p) such that 
for any N'\N, m'{f) = W(/) + ^ Eaez/JVz(K«). 

Proposition 12.3. Ih(A'', k) ~ .^(fjv+i)^'' restricts to an isomorphism of graded Lie algebras 
with {I./ NIY -action Ihdist(7V,k) ~ :F(A/',k). 

Proof. Straightforward. □ 



13. Actions of Gal(Q/Q) 

In this section, we show that the natural action ([Gr]) of Gq := Gal(Q/Q) on the orbifold 
fundamental group^ of (C^ — ijln{'C))/ Dm factors through GT in the profinite setup, and 
through GTMD(A''); in the pro-Z setup. Here 'LjN'L C Dn acts by multiplication (using the 
isomorphism "LjNlj ~ iJ.Ni'C) induced by Cjv) and 1 G Z/2Z acts by z ^ 1/z. 

We set Afjv ;= — /XAr(C), Xn '■= Mm /Dm- We first describe the exact sequence 1 — > 
■ki{Mm) — ^^¥+1 T^T^iXN) Dm — > 1 (the base-point xq is close to and > 0). Recall 
that = (r,CT)/((CTT)2 = (Tcr)^); the center of is Z{Bl) ~ Z = ((Tcr)^). We have an 
exact seqence 1 — > K2^m ^ ^2 ^ (Z/NZ)^ xi 62 1, where the second map is r 1-^ (1)0) G 
{l/Nlf c {I./N'Lf'-A 62 and a ^ (21) e S2 C {Z/NZf x 62; the kernel is presented 
by K2,N = {Xni,Xo2,xi2{0), ■■■,xi2{N - l))/(Xo2a;i2(0)...a:;i2(A^ - l)Xoi is central), where 
Xoi = T^, xi2{a) = T°'a^T-°', and X02 = {ara-^)^ . Then Z(S|) n K2,m is generated by 
^02x12(0). .. a;i2(A^- l)Xoi = (r£7)2^. The image of (ra)^ in {Z/NZf xi S2 is (1, 1) e (Z/iVZ)2, 
which generates a central Z/iVZ. Factoring the above exact sequence by ^ Z{B\) n K2^m 

Z{Bl) Z/NZ (which coincides with -» Z Z Z/NZ 0), we get an exact 



'^If the group V acts on the topological space X, and xo S X, then 7rj"'''(X/r, [xq\) is the set of pairs (7,£), 
where 7 G F and I is the isotopy class of a path from xo to 70:0; the composition is (7, £){'y' ,£') = (77', 7^' o £)■ 
We have an exact sequence 1 7ri(X, xo) — » ir°^''{X/r, [xo]) — » F — » 1. 
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sequence 1 Fn+i Bl/Z{Bl) Dn 1, where Fm+i ii^2,Jv/(-'^02a;i2(0)...a;i2(A'' - 
1)Xqi — 1) is freely generated by Xqi, a:;i2(0), ...,xi2{N — 1). We then have 

Trr^^iv, [xo]) ^ Bl/Z{Bl) (r, a)/((Ta)2 = 1); (63) 

the projection tt^'^^IXn, [xq]) Dm = {'L/N'L) x (Z/2Z) coincides with the above map, so is 
given by T I— » (1,0), a ^ (0, 0); this is the factorization by the relations — = \. 

The isomorphism (63) is described geometrically by r i— > the counterclockwise path from xq 
to CnXq, and a the path from xq to 1/xq, contained in {z\0 < arg(z) < 2tt/N} — {0, 1, Cat}- 
The prop-Z (resp., algebraic) fmidamental group of is tt°^^{Xn)((Pn,1) (resp., tti^^{Xn)^); 
this is Gal(F;/£^), where E = Q(2;)^", Fi is the maximal pro-l algebraic extension of E in 
Q(2;^/",n > 0), unramified outside 0,oo,/UAr(Q) (resp., Gal(F/£^), where the pro-Z condition is 
dropped in the definition of F). 

The action of Gq on ■kI^''{Xm){(pn ,1) factors through GTMD(A^)j, and the action of the 
latter group takes {X,^,f,g) to the automorphism r i— > r'', a — > {t, (j^)a^g{T, a"^) (one can 
prove that the octogon identity is equivalent to the condition that this is an automorphism of 
■Ki^''{XM){'fN,l))- In the same way, the action of Gq on tti^^{Xn)^ factors through GT and it 
given by the same formulas. 

When TV = 1, 2, 4, the subgroup Fat of PSL2(C) of automorphisms of — /iAr(C) is strictly 
larger than Dn. Taking into account these additional symmetries, one defines subgroups 
GTMD'{N)i c GTMD(7V)i, such that we have morphisms Gq GT ^ GTMD'{N)i 
Aut(7r°''''(C^ — /iAr(C)/r7v)''''')- We will return to this question elsewhere. 

For completeness, we recall the action of Gq on ^"^''{C^ — {Ij/Gs)^'-^ (when = 1, Fat = 
S3), described in [Dr2], and show its compatibility with its action on 7r5"'*(C^ — {1}/Di)'-^^ 
described above. The exact sequence 1 ^ F2 ^ 7r°''^(C^ — {l}/63, [.xo]) ^ S:i ^ 1 coincides 
with 1 ^ F2 ^ B^/Z{Bz) ^ 63 ^ 1, where B3 = {<Ji, 0-2) / {(^1(^21^1 = <^2(^i(^2); Z{B^) = 
{{afa2)'^) — Z, and the morphism B^/Z{B^) ^ S3 is cti ^ (12), CT2 ^ (23); it coincides 
with the factorization by the relations ct^ = = 1. The identification 7r5"'''(C^ — {Ij/Ss) ~ 
B^/Z^Bj) takes at to the path xq ^ 1 — Xq contained in ]0, 1[, and 0^2 to the path xq i-> I/xq 
contained in {z|S(z) > 0} — {0, 1}. 

We then have an inclusion 7rf'^^(C"^ - {1}/Di, [xq]) C 7rf'^^(C^ - {Ij/Ss, [xq]), corresponding 
to Bl/Z{Bl) Bz/Z{Bz), f ^ al, a ^ ai. The action of GT, on 7ri(C^ - {1}/S3)('^ 
takes (A,/) to cti h- > ct^, a\a2^i ^ aia2'^if{a'\,a%); this restricts to the action of GT, on 
7ri(Cx - {l}/i?i)« as aia2ai/(a?,ai) = ^^/-^(af , ai)a^/(af,^i)/(af,^i)a^ (which is used 
implicitly in [Dr2] and follows from the hexagon identity). 



Appendix A. The coefficients of ^fxz 

Let A, h[(^], C € ij,n{C) be free variables (here A and b[C,] have degree 1; the identification is 
A = tg^, b[Q = i[C]^^)- Then '^kz may be identified with the renormalized holonomy from to 
1 of 

j: iEL)H„), (04) 

(eiJ.N{C) 

i.e. *KZ = H^^Ho, where Ho{z) ~ z^ and Hi{z) ~ (1 - z)^^^l 

Le and Murakami's formula ([LM]) for the KZ associator can be generalized to ^'kz, showing 
that ^'kz may be viewed as a generating series for multiple polylogarithms (MPL's) at A'th 
roots of unity. 
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We first define these numbers. If Ci) • • • ) Cr € /ijv(C), and Si, . . . ,Sr are positive integers 
sucfi that {sr, Cr) 7^ (1, 1), we set 



Lisi,...,Sr(Cli ■■■ ,Cr) = X] 



/-ni /-r, 
Si ' ■ ' Sr 



l<ni<...<nr ^ 



It is well-known that these numbers correspond bijectively to iterated integrals. Set /In = 
{0} U /iAr(C). If (Ci, . . . , Cm) is a sequence with values in /ijv, such that Ci 7^ and Cm 7^ Ij we 
set 

I{Cl,--- ,Cm)= U)x{ti)A---AW^(tr), OJo = dt/t,COt; = dt/{C-t). 

io<fi <...<f^<l 



Then 



Li.„... ,.,(Cl, . . . , Cr) = /((Cl • • • Cr)-\ 0^''-'\ (C2 • • • Cr)-\0^'^-'\. ..,Cr\0 

(here 0^*' means repeated i times). 

Proposition A.l. Set b[0] := A. /f (Ci, . . . Xr) is a sequence in {fiNY , we set w(Ci, • • ■ , Cr) := 
MCr]---MCi]- IflC m = 0}, J c = 1}, 5ei «;(Ci,... ,Cr)'-' := nie[i,.]\(/uj) HCi] (the 
product is in decreasing order) and 

ic{i\Ci=i},Jc{i\Ci=o} 

Then 

*KZ =E E (-l)^"'^{^^f^''-ll«-^°>/(Cl,... ,Cr)^I'(Cl,--- ,Cr). 

r>0(fi,...,f^)6(/i^)r|fj^0,C,741 

Proof. We denote ^kz by * in the course of this proof, which is parallel to [LM]. Let 
C((6[C],C € fiw)) be the degree completion of the free algebra with generators j4,6[C],C € /iAr(C). 
Let a,P he additional indeterminates of degree 1 commuting with each other and with the b[Q 
(C e I^n)- Let C((6[C]))o C C((6[C])) be the complete subspace spanned by the monomials not 
starting with and not ending with 6[0]. We have a direct sum decomposition C((6[C])) = 
C((&[C]))o®(&[l]C((6[C]))+C((6[C]))6[0]). We denote by TT : C((6[C])) ^ C ((6 [C]))o the corresponding 
projection map. We also have two maps 

C((6[C]))-C((6[C]))[[a,/3]]^C((6[C])), 

defined by: u is an algebra morphism, u,(&[0]) = b[0] — a, u{b[l]) = b[l] — /3, w(6[C]) = &[C] foi" 
C G AtAf(C) - {1}; V takes waPpi to b[l]iwb[0]P, where w G C((6[C])). 

Then v o u(6[l]C((6[C]))) =vo u(C((6[C]))6[0]) = 0. Therefore vou = vouoTr. 

Analogues of Go, Gi for the equation (64), where A, b[l] arc replaced by ^ — a, — /? are 
Go(^)-2"(l - z)^, Gi{z)z°'{l - z)^, hence the holonomy of this equation is So u(*) = * (a 
constant series in a, (3), so v o u{'^) = ^. It follows that 

= vouoTr{^). (65) 

We have 

* = lim,^0£-''W( E (-l)^^'-'^^^^[^''-^l«^'^°>4(Cl,... ,Cr)^Cl,... ,Cr))£''[°l, 

(fi,-,Cr)e(Aiv)'- 
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where /e(Ci, ■ • ■ , Cr) is defined as /(Ci, • • • , Cr) with integration domain e < ti . . . < tr < I — £■ 
Applying tt to this identity, we get 

7r(*)= Yl (-ir^'^^'^[^''-]i^'-^°>/(Ci,... ,CrMCi,--- ,c^^ (66) 

(Cl,-,Cr)e(/lN)'-|Cr5^1,Cl#0 

The result now follows from (65), (66) and the fact that v o u(w(Ci, • • • , Cr)) = 1*^(^1, • • • , Cr)- 

□ 

Remark A. 2. Using this proposition, one may use [EG] to give an explicit formula for 
log(*Kz). 
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